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ABSTRACT. A class of upwind flux splitting methods in the Euler equations
of compressible flow is considered in this paper. Using the property that
Euler flux F(U) is a homogeneous function of degree one in U, we reformulate
the splitting fluxes with Ft = ATU, F~ = AU, and the corresponding
matrices are either symmetric or symmetrizable and keep only non-negative
and non-positive eigenvalues. That leads to the conclusion that the first order
schemes are positive in the sense of Lax-Liu [18], which implies that it is L 2-
stable in some suitable sense. Moreover, the second order scheme is a stable
perturbation of the first order scheme, so that the positivity of the second
order schemes is also established, under a CFL-like condition. In addition,
these splitting methods preserve the positivity of density and energy.

1. Introduction. The general form of a system of hyperbolic conservation laws
can be written as

U + 0, F(U) + 0,G(U) +9.H{U) =0, U€R", (1.1)

such as the governing equations for compressible flow, MHD, etc. For example, the
1-D Euler equations for gas dynamics is given by

p m
U + 0, F(U) =0, U=|m |, F=| p?+p |, (1.2)
E v(E+p)

in which p, v, m = pv and FE stand for density, velocity, momentum and total energy,
respectively, with the state equation for the pressure p = (v — 1)(E — %pvz) (see
[13]). The solutions to these equations, as well as the physical phenomenon, are very
complicated. One of the distinguished futures is the appearance of discontinuous
solutions such as shock waves. This imposes a great difficulty in the design of
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numerical schemes for these systems and also for the mathematical analysis. A
scalar equation

up + f(u)e =0, (1.3)

is usually used as a simple model to give the guideline in the corresponding al-
gorithm design and analysis. The concept of Total-variation-diminishing (TVD)
has played a crucial role in the development of modern shock capturing schemes,
although the concept of TVD is only valid in the analysis of the scalar equation.
Nevertheless, direct extension to general systems has been highly successful in the
computation of many complicated physical systems. See the relevant references,
such as the introduction of “Monotonic Upstream-centered Scheme for Conserva-
tion laws” (MUSCL) by Van Leer in [34, 35, 36, 37, 38], the corresponding analy-
sis in [16, 25], the discussion of the “essentially nonoscillatory” (ENO) scheme in
[8, 20, 24, 31], etc. A concept of positivity property, which was recently proposed
by X.-D. Liu and P. Lax in [18], is a natural extension of T'V-stable property. In
the scalar case, any consistent scheme in which the numerical solution ¢™*! at the
time step "1 can be written as convex (positive) combination of u™ was proven to
be TVD. In the case of a hyperbolic system, the extension of a positive coefficient
(combination) to a positive symmetric matrix gives a positive scheme.

Let’s have a review of the TVD scheme and its extension to a general system by
positivity scheme, in the context of flux splitting. The idea can be easily explained
by the upwind scheme

u;H—l —uj N a{r,nuj i1 N ai"u?*l —uj _0 (1.4)
At 7 Az 7 Az ’ '

applied for the scalar linear advect equation,
uy + auy =0, (1.5)

with the decomposition a = a™ 4+ a~ and a™ > 0, a= < 0. The upwind scheme

(1.4) can be reformulated so that u?“ is a convex combination of the profile u™,
namely,
At At At At
—+1 +,n , +,n —n —,n
ultt = a; —mu;’,l + (1 —ai +a; —m)u? —a; —xugﬁrl . (1.6)

As a result, the stability property of the scheme (1.4) follows directly from a CFL-
like condition

_a\ Ot
(a;_’n — aj ,n) A_ S 1. (17)
x
For scalar nonlinear conservation laws
u + f(u)e =0, (1.8)
the flux can be decomposed as
f=ft+f, inwhich ft >0, f <o. (1.9)

The upwind scheme can be applied to (1.8) by naturally using flux splitting

Wt ) - ) | S )~ 1)
At Ax Ax

=0. (1.10)
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It is obvious that the scheme (1.10) can be recast in the form of (1.6) with

o T )

b = (") >0
CL] ’U/?—U‘?il f (])— ) ( )
1.11
I A (7D Il () I
a; "= = I = ) <0,
Ujp1 = Uy

in which 7' lies between u;_; and uj, 1" between u; and w1, respectively. More-
over, we have

At At
—ab = 4" > .
1 —a; Am+a3 A >0, (1.12)
under the following assumption
At / /
E(max|f+\+max|f_ \) <1. (1.13)

Therefore, the combination of (1.11), (1.12) and (1.6) shows that the first-order flux
splitting method (1.10) for scalar conservation law is TVD by using the argument
in [6], provided that the CFL-like condition (1.13) is satisfied.

In a second-order approximation, the positive and negative fluxes can be approx-
imated by piecewise linear function

Frr@) =g s @ y), @) = S s @ y), (L4

for x;_1/0 < & < xj11/2, where the notation fJ‘"” = f*(u?), fj_’” = [ (u}) is
used. The slopes are determined by a limiter function
f.i’" +.n fi,n . fim

+.n i Ji-1 o5+l J
s = 10) . (1.15)
J Ax - ff_’?)
In this paper, we only consider minmod limiter
°(0) = mam(&min(l,ﬁ)) , (1.16)
or Van Leer limiter (see [1])
0 0] + 6
0) = . 1.17
0 =T (117

Both limiters are symmetric, i.e., ag®(2) = b¢%(%), so that we can write

#(a,0) = () = b3, (1.18)

without ambiguity. Consequently, the second-order flux splitting scheme is given
by

ui - U}L+ M (@ip10—) = P (@5-1/2-)
At Az
F e sagat) — £, (19
+1/2 Tj—12+) _
+ =0.
Ax
Using the notations in (1.14)-(1.18), we can rewrite the above scheme as
u Tt —yn AR PN
J J +n’J Jj=1 —nJj+l J
] ; = 1.
AT ¥s Az T Az 0, (1.20a)
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with the two coefficients

1 +,711 gt 1 +,711 _ +-,721
+n _ of7i+ J ofJi— Jj—
o =1 (G i) o (G i)
J j—1 j j—1
o S (1.20b)
l[}fn:“r}gbo(fjw_fj+1)_}¢o(fj - j,l).
o ) T

As in (1.11), by applying the intermediate value theorem for f*, f~, the second-
order upwind scheme for the nonlinear problem can still be recast in the form of
(1.6), namely

’

A= TE) e = ), (1.21)

in which £ lies between w;_1 and u;, and 7 between u; and w;1, respectively.
Both the minmod and Van Leer limiter functions satisfy

¢°(9)
0

0< <2  and 0<¢’0) <2, (1.22)

so that the two coefficients 1/1]“ and ;" are between 0 and 2, which results in the

positivity of aj"n and —aj_’”. Furthermore, (1.12) is satisfied under the following
CFL-like condition

2%(max|f+'| +max|f—’|) <1, (1.23)
due to the second property of ¢° in (1.22). Therefore, the stability and TVD
property of the scheme (1.20) follows directly from Harten’s argument [6]. As a
result, the numerical scheme converges to a weak solution. It can be observed that
the CFL-like assumption (1.23) is more strict than the first-order version (1.13),
due to the usage of a limiter function. In other words, the second-order scheme
(1.20) can be viewed as a stable perturbation of the first-order one (1.10), due to
the fact that both 1/);'" and ¢; " are positive coefficients bounded by 2.

This simple stability argument no longer holds for a general system of conserva-
tion laws

Uy + F(U), =0, (1.24)

since no T'V-stable property can be automatically applied to the analysis of a non-
linear system. Nevertheless, a direct extension of the above scheme enjoys a great
success. The flux vector splitting (FVS) method reconstructs the flux F as

F(U)=F"(U)+F (U), (1.25)

where the Jacobians of F'™, F'~ have only non-negative and non-positive eigenval-
ues, respectively. To achieve high order accuracy, we apply the second-order flux
vector splitting scheme to each component

At At
yntl — pgn r - -
;H J Ax (FJJ:L1/2 Jtnl/?) Ax( J'J:?l/2 Fjjl/Z) ’ (1.26a)
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where the p—th component of Fjjil /20 Fjiﬁ% is given by

+n(p) +n(p)
pu) _ pin) | 1 (F @) _ F+n<p>)¢o<u
j+1/2 J o\ Jj—1 o) _ pine) )’
j i—1
o) pni) (1.26b)

—n®) _ pnp) | L, —np) —n(p)y 40 ( Ti+2 J+1
Fiyyp =Fa + §(Fj+1 - F; )¢ (m ’
Fip F;

and the limiter function ¢° is chosen as either (1.16) or (1.17). The approach of
the FVS scheme goes back to Van Leer [1]. See also [3]. The second order version
(1.26) is in fact the same as the convex ENO scheme discussed by Liu and Osher
in [19].

Meanwhile, a framework to provide some theoretical guides for the general sys-
tems of conservation laws has been proposed by P. Lax and X.-D. Liu in [18] with
the concept of positive scheme, which is motivated by the fact that the only func-
tional known to be bounded for solutions of linear hyperbolic equation is energy,
as proven by Friedrichs in [4]. A conservative scheme of the form

At
Uit =U; + e (Fj+1/2 - Fj71/2) ; (1.27)
where F is a consistent numerical flux, is called positive, if U"t! can be written as
Uttt =3 CxUP g (1.28)
K

so that the coefficient matrices Cx, which themselves depend on all the U,k that
occur in (1.27), have the following properties:

each Ck is symmetric and positive, ie., Cg>0; (1.29a)
Y Ck=1, (1.29b)

K
Ck=0, except for a finite set of K . (1.29¢)

Then they argued that, for positive schemes, the numerical solution U™ is L? stable
in some suitable sense.

Note that for the case of a scalar equation (1.8), the positivity (1.29) is reduced
to the convex combination form (1.6), while the combination coefficients c¢_1, ¢1, co

+,n At —,n t
i 0T Y Ar Y A
flux vector splitting scheme, the general form can be written as (3.15) in Section 3,
yet the form of the combination matrices Cx depends on the concrete splitting.

It should be noted that the symmetry of the coefficient matrices C'x plays an
important role in the L2-stability of the positivity scheme [18]. However, a sym-
metric Jacobian matrix can hardly be found for a system of hyperbolic conservation
laws in terms of physical variables. Instead, a symmetrizable system is taken into
consideration in [18]

“+,n —,n 1

correspond to a; ", a respectively. In the second-order

Bo(U)a,U + B(U)a,U =0, (1.30)

in which B is symmetric, By is positive and its symmetric square root is denoted
as S, i.e.,, By = S2. Multiplying (1.30) by By ' gives

wU+ AU)O,U=0, with A=DB;'B. (1.31)
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Moreover, it turns out that SAS™! is symmetric. For such a symmetrizable system,
the numerical scheme is defined as positive if it can be recast in the form of (1.28)
and the matrices

Di(J) = S(J)Ck (J)S™H(J), (1.32)
satisfy the following conditions
Dy differs by O(At) from a symmetric matrix, (1.33a)
the symmetric part of D has non-negative eigenvalues, (1.33Db)
Y Dk=1, (1.33¢)
K
Dg =0, except for a finite set of K . (1.33d)

The L2-stability of the positive scheme satisfying (1.33) was established in [18].
Due to the fact that the compressible Euler equations are not symmetric but sym-
metrizable, they constructed a second-order positive scheme in the article by using
Roe matrix decomposition, which was proven to be very efficient.

In this paper we show the positivity and weak stability of the second-order lim-
iter schemes with some well-known FVS in the computation of the compressible
Euler equation, including Steger-Warming and Van Leer splittings proposed in [32]
and [1]. We recall that the gas equation is symmetrizable only in terms of the
velocity, pressure and entropy variables. Its conservative form, which is comprised
of the dynamic equations for the density, momentum and the total energy, is not.
Yet, we have to keep the shock-capturing scheme in the conservative form (1.27)
consistent with the conservation laws to get correct shock speed, in view of Lax-
Wendroff theorem. The key point in this article is the reformulation of the positive
and negative fluxes in the Steger-Warming and Van Leer splitting so that the cor-
responding matrices are either symmetric or symmetrizable and keep non-negative
and non-positive eigenvalues, respectively. This fact is reported in Proposition 2.1
in Section 2 below. The basic idea is to use the property of Euler flux that it is a
homogeneous function of degree one in the variable. A direct consequence of it is
the positivity of the first order scheme, which comes from the rewritten forms of
the splitting fluxes F'*, F~. It is shown in Section 3 that the second order limiter
scheme is a stable perturbation of the first order one. The corresponding second
order scheme using Steger-Warming or Van Leer splitting is proven to be posi-
tive under some CFL-like conditions in Section 4 and 5, due to the representation
formula that the numerical U"*! is a positive combination of U™.

Furthermore, both splitting schemes preserve the positivity of density and en-
ergy variables. To achieve this, the fluxes F* and F~ need to be formulated in
another way so that the corresponding matrices AT, A~ are diagonal with respect
to the first and third components. The diagonal elements are also bounded by fluid
velocity and sound speeds. Then the density and energy at time step ¢"*! is shown
to be a positive combination of their values at time step t", which indicates the
positivity preserving property of the scheme under a CFL-like condition. A variety
of formulations of F+ and F~ are possible because of the nonlinearity of Euler flux.

Moreover, we note that condition (1.33b) is in fact a consistency requirement.
Since the system is nonlinear, we can write (1.27) in several different forms. To
simplify our presentation, by observing that all the flux splitting schemes we con-
sider here are in a consistent conservative form, we modify the condition (1.33c)
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by
Z Ck =1+0(At), if U™ is Lipschitz continuous at time step n. (1.34)

Note that in the scalar case, condition (1.29a) plus

ZCK 1+ O(At), (1.35)

can ensure the TV-stable property of the numerical scheme. In this article, the
requirement of positivity is set to be

each Ck is either symmetric or symmetrizable and Cg >0,

up to O(At) difference; (1.362)
Z Cx =1+ 0O(At), if U™ is Lipschitz continuous at time step n; (1.36b)

Ck =0, except for a finite set of K. (1.36¢)

2. The compressible Euler equations and symmetrizable flux splitting.
The 1-D system of the Euler equations is given by

P m
U + 8, F(U) =0, U=|m |, F=| p?+p |, (2.1)
E v(E +p)

where p,v,m = pv and E are density, velocity, momentum and total energy, respec-
tively, and the state equation for the pressure is given by p = (y — 1)(F — % pv?).
The eigenvalues of the Jacobian matrix of F'(U) are

A =v—c, Ao =0, A3=v+ec, (2.2)

with the sound speed ¢ = %. The constant « depends on the gas and usually

ranges from 1 to 3. For example, such constant can be taken as v = 1.4 for the air.
Our analysis below is valid for any 1 < v < 3.

2.1. Steger-Warming flux splitting. Through the similarity transformation on
the flux vector using the property, F(U) = A(U)U, A(U) = F' (U), due to the fact
that the flux vector is a homogeneous function of degree one, the Steger-Warming
splitting of F' in [32] is given by
F(U) = FHU) + F~(U) = Q"'T*QU + Q"'T~QU, (2.3)
where A = Q7'T'Q and TF = diag(\E, A5, \f), AF = (i £ |\i])/2,i = 1,2,3.
The corresponding F'+ and F~ for the subsonic case 0 < v < ¢ read

2yvv+c—v
Flys =2 20y = v? + (v 40)* :
T (=D 0+ o) + 2 (v 4 o)e?
, - v (2.4a)
Fows = 52 (v=0c)?
2y i sv—cpP+ 2(37__71) (v—rc)c?

In the supersonic case v > c,
Ft=F, F~=0. (2.4b)
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The subvectors F'T, F~ for other cases, including the subsonic case —c < v < 0 and
supersonic case v < —c¢, can be obtained in a similar way.

2.2. Van Leer Splitting (VLS). In [1] Van Leer developed the splitting which is
differentiable even at sonic points in terms of the local Mach number M, M = u/c.
For M > 1, the eigenvalues of Jacobian of F are all positive and thus F{,"LS =
F,Fy,; ¢ = 0. Similarly, F{}'LS = 0and Fy,; g = F for M < —1. The Van Leer
splitting is given as follows for —1 < M < 1,

LY
VLS = N Jr((y=Dv+20)/y ) (2.5)
(v =Dv+£20)2/2(y* - 1)
where f = +pe(M 4 1)2/4. The Jacobian of the positive flux, (F‘J}Ls)/ has two

.. . . - ’ .
positive and one zero eigenvalues, while (Fy,;¢) has two negative and one zero
eigenvalues.

2.3. Symmetrizable reformulation of the splitting luxes ™ and F'~. Note
that the positive and negative matrices Q7 'I'tQ, Q~'I'~Q of the Steger-Warming
splitting are not symmetrizable in its original form. The same is for the Van Leer
splitting. The key observation in this section is that the representation form of
such matrices is not unique due to the nonlinearity of the fluxes. The matrices can
be reformulated to be symmetrizable and keep positive and negative eigenvalues,
respectively. The following proposition is crucial to the positivity argument of both
flux splittings presented in later sections.

PROPOSITION 2.1. The flures F, F~ in either Steger-Warming splitting (2.4) or
Van Leer splitting (2.5) can be represented as

Ft=A"U, F- =AU, (2.6a)
in which AT, A~ are either symmetric or symmetrizable and
At >0, A” <. (2.6b)

Moreover, AT — A~ is a diagonal matriz with non-negative elements.
A direct consequence of Proposition 2.1 is the positivity of the first order method
using either flux splitting.

COROLLARY 2.1. The first order flux splitting method

n n At n n At —n —_n
Uj+1:Uj —A—x(Ff _F]tl)_E(Fj+1_Fj ) (2.7)

with the positive and negative fluzes F*, F~ given by either Steger Warming (2.4)
or Van Leer (2.5) is positive, under some CFL-like conditions, namely (2.21)-(2.22)
or (2.29) below.
Proof. The insertion of (2.6a) into the first order scheme (2.7) shows that

UFH = U = NATUR — AT ~ AT U — A770)
(2.8)

= MU+ (AU + (= XA+ XA UT

with the constant A\ = %. By taking the notation

xX

Coi =M™, Ci= MGy, Co=1-MNA" - A7), (2.92)
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we arrive at

Ut = CaUjy + CoU + C1UY 4 - (2.9b)

It is indicated by Proposition 2.1 that both C_; and Cy are either symmetric or
symmetrizable and keep non-negative eigenvalues. In addition, since AT — A~
is a diagonal matrix with non-negative elements, Cy is also positive symmetric if
A is bounded by the inverse of the eigenvalues, which is shown to be a CFL-like
condition, as can be seen in Remarks 1, 2 below. The property that C_;+Cy+Cy =
I+ O(At) can be verified by the smoothness of the positive and negative matrices
AT, A~ with respect to the physical variables, under the assumption that the
solution is Lipschitz continuous. O

The proof of Proposition 2.1 is a constructive one and is based on the following
lemma. Its proof is straightforward and we omit it.

LEMMA 2.1. A matriz A = ( 211 212 ) 1s symmetrizable and keeps non-negative
21 G422
eigenvalues if

ai1 >0, a2 >0, apa >0, ajian > aj2a2; (2.10a)

it is symmetrizable and keeps non-positive eigenvalues if

a < 07 a2 < O7 12021 > 07 11022 > a120a21 - (210b)

Proof of Proposition 2.1 for the case of Steger-Warming splitting

(a) In the subsonic case 0 < v < ¢, using the state equation E = 1pv? + P £,
and p = %pcz, we can rewrite F*, F~ as
- 27 1pv+ 27100
Ft = 27 1pv + ,ochrQWpc
| et 4va ‘et amnpve’ + mpen e
- (2 _ —c)p (2.11)
= (57 4277 U+ c)p,u_i_"/ 1E ,
i 3—87(1)—0) pv+a33E
[ 27pv - ,oc
F~ = 27pv pvc+ %pc ) ,
| #pv’ —apviet s’ - e
- (2.12)
—g5(c—v)p 1
= —%[46—(2—72+v)}pv—(—”%)E ,
3187 (v—c)?pv+az3E
so that F™, F'~ can be represented as I+ = ATU, F~ = A~U, with
aly 0 0 ay, 0 0
' — - ’ — -1
At=|( 0 37a2+’2 VT: C A= 0 =,
0 =“Fw—-c? a3y 0 “F—c)? a3y

(2.13)
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in which the coefficients have the following estimates

2y-1 1 Sy—2—7% 1
af, = % v+%c, a{2:74’y v—l—;a
2y=1 .3 3 02 1 2 1 3 _ 3— 2
b P et s et mp e — e v o)
3,3 = T ,
Z4y2y—1 3
7cSa;{?,SVJr7 v—l—7+ c,
2y ’ 2y 2y
1 1 , 1 (2.14)
o =g lemv)y agp = de= 2= )] < —2(e-v),
1 3 3 2 1 2 1 3 3— 2
3PV T GgPUTCt Sy PUCT T gy PO — Fpv(v—c)
G333 = i ,
1 _ 3—v
—c) < < —¢)<0.
fyfl(v c)_a3,3_’y 1(1; c)

The verification of the above estimates is straightforward by algebraic calculation
of the physical variables. The detail is omitted here. From (2.14), we have

3—7 (y=DB =7 y—-13-v
a;ZCL;BZ 272 > 36 > 5 718 (U_c)za 15
3— 13- -
ayay5> (v —¢)* > 1= 2T (- o),
ST (v + 1) 2 18

for 1 < v < 3. The application of Lemma 2.1 shows that A*, A~ are symmetriz-
able and keep non-negative and non-positive eigenvalues, since the criteria (2.10a),
(2.10b) can be verified by the usage of (2.15).

It can be seen that the matrix A* — A~ has the form

ail —ar ) 0 0
AT — A" = 0 Qg9 — Qg 0 ) (2.16)
0 0 af{3 — a3

which is diagonal and keeps only non-negative eigenvalues. Moreover, the estimate
(2.14) leads to

-1 1 -1 2
tz{r’l—czilz'y7 v—i-;c, a;2—a2_,2:VTv+;c,
g PAW-1 Prdy-3 (2.17)
B3T3 = gy 2y(y—1)

so that the eigenvalues are bounded by the linear combination of the velocity and
sound speed. This was used in the proof for the positivity of the first order method.
The other subsonic case —¢ < v < 0 can be dealt with in the same manner. That
finishes the proof of Proposition 2.1 in the subsonic case of the Steger-Warming
splitting.
(b) In the supersonic region v > ¢, the positive and negative fluxes are given by

pU

Ft=F=| 2*2m |, F =0=ATU, (2.18)
U(E+P),E
E
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where A_ = 0. Then we can rewrite F*, F'~ in the same form as F'T = ATU,
F~ =AU, with

aj; 0 0
At = 0 a3, O , A” =0,
0 aj s
’ (2.19)
2
pv®+p v(E +p)
aleﬂ, ;:2: o0 s a:';g— B .

The following estimate for the components in F'* is also straightforward by the
algebraic calculation

2
0<af,=v, 0<aj,="—"<v+-c, 0<ai, <v+ —c.
. . : 5

(2.20)

In this case, AT — A~ is exactly AT presented in (2.19), which is diagonal and its
eigenvalue estimate is given in (2.20).

For another supersonic case v < —c, F+ = 0 and F~ can be similarly represented

and an analogous estimate to (2.20) can be obtained. Then we finish the proof of

Proposition 2.1 for the Steger-Warming splitting. (]

REMARK 1. As can be seen in both the subsonic and supersonic cases, the matriz
Co =1—XA" — A7) is diagonal and its diagonal elements are non-negative under
the constraint

At
—(a+.—a—)<1, i=1,2.3. (2.21)

With the usage of the estimates (2.17), (2.20), the constraint (2.21) is satisfied
provided that

At (72—1—27—1 2 Y2+4y-3
max -

=2 o G o) )l +1e) < 1. (2.22)

Ax

As a result, the first order Steger-Warming splitting method is positive under the
CFL-like condition (2.22).
Proof of Proposition 2.1 for the case of Van Leer splitting:
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In the subsonic case 0 < M < 1, F* and F~

F+
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can be represented as

,oc(M2 +2M+1)/4
_ pc M?2 +2M+1 (v— 1)v+20
M? +2M+1 [(v= 1)v+2c]
L re 2(v7-1)
[ (2 + M4+1 )P_H
= (M+2)pv + 5 pv 2422 pvc+2pc
I peM? +2M+1 [(72&);:2;] (2.23)
i (v +2e)p
= [14—?0+(T4—;1(M+2)+%—7—71)v} pv+ 1E
(3=y? E
L = (v — c)? +a35
=ATU,
- 2 y
—peM —Z]VI-H
—pe M2 2AI+1 (v— 1)'u 2¢
M272M+1 (G=1)v-24>
L —re 2(y2-1)
[ » [_Z+ (2 M)v]p
74—7(2—M)pv +2 pv? pvc—i—hpc
M2—2Mm+1 [( 1)1/ 2¢
i —pe 20t [ 72(7 71)] (2.24)
[ ¢+ 12— M)u]p
- [Ee— (2 + - =)o) - (- F)E
2
L %(vfc)vaJrai:;E
AU
in which the matrices Ay, A_ have the form
ajy 0 0
AT = 0 . )322 77_1 ,
0 =-(v—c)® a3, .
ar, 0 0 (225)
A = 0 a;z 77_1 ,
3 _
o { 7;) (v—rc)? az 3
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M 3) _ (3-m? 2
a;r1:1v+ 2+lc, a3+3:F+()777;(U70) ,0117

’ 2 4 ' E

+ _0+3 (V_*l Mo+ 2 L_V_*l)
a0 = et (T M2+ oo = — v,

1 1 - F7(3) _ (3;—;)2(1) o 0)2[)1} (225b)

Cll,lfficﬂL 1(2*M)U> (33 = E )

_ v+3 (1 v—1 771)

SR 0 (. i N Vil Y

a2 { 1y ¢ 27"‘ 1 ( ) A

The following estimates can be verified by a careful calculation. The detail is
omitted.

1
0<af, < 5(\v|+c),
Y+3 33—« 4y —1—~2 y+3
1 T ol < agp < ol + ¢
1 v(y? 4+ 27 = 3) 2y 1 _
—ce<at. < — 3 < <0
2407 a3 3 = 20y + 1) v 74_167 4(C+ [v]) Sa; U,
4y —1—~2 7+3) _ (7+3 3—v )
— < <-—c— ——
( Ay lv| + Ay C)>0Ay9 > Ay c 1 [v])

(v +2y-3) ( 2y (3—7)2) _ (3—7)? 2
— |+ + Cl <Qoog < —————c(1—-—M)~*.
{ 2(y+1) v y+1 6 =33 T 4y 41)2 ( )

(2.26)
Similarly, the estimate (2.26) results in
33— B=)0—-1)
a;2a§:3 = 21_4(% - 77)62 Z 144 c?
7-1 3-7)°(v—1) 2
> . _
= 2 72 (v=c),

o By (7+3 3—7) > 2o 71 3-7)? 2
Ta > _ 12> 2 BT
a’2,2a’d,5 = 4(7"_1)2 4’}/ 4 c ( ) = 2 792 (U C) ’

(2.27)

for 1 < v < 3. Moreover, by applying Lemma 2.1 and using the estimate (2.27), we
conclude that AT, A~ are symmetrizable and keep non-negative and non-positive

eigenvalues, respectively.
It can be seen that the matrix AT — A~ has the form

afl —aj, 0 0
A+ — A_ = 0 0,;2 — CL2’2 0 s (228)
0 0 a;_,B — a3

which is diagonal and keeps only non-negative eigenvalues. The eigenvalues are
bounded by the linear combination of the velocity and sound speed
_ _ v—1 2
ail —ay; < Eeric, ag',zfotz2 < 2 v+ ;c,
2 2
2y -3 4 3—
W0 E+2y=3) ( SN G Ble)) )C

T.—a7. <
(33— G33 < 1 74_1"‘ 3

(2.29)
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For another subsonic case —1 < M < 0, F* and F~ can be similarly represented
and an analogous estimate to (2.25) can be obtained.

In the supersonic case, either M > 1 or M < —1, the representation and the
estimates (2.18), (2.19) are also valid. Then we finish the analysis of the Van Leer
splitting, thus complete the proof of Proposition 2.1. O

REMARK 2. In both the subsonic and supersonic cases, the matriz Cy = [ —A\(A1T —
A7) is diagonal and its diagonal elements are non-negative under the constraint
(2.21), which is assured to be satisfied if

VP42 -3) 2 4y (3-19)

At 7(
Az ! 5 <1 2.
Axmaac( ) ST ,7:7+1+ 3 )(|v\—|—|c|)_ , (2.30)

with the usage of the estimates (2.29), (2.20). As a result, the first order Van Leer
splitting method is positive under the CFL-like condition (2.30).

3. Analysis of second-order flux splitting. In this section we give a general
analysis for the second-order FVS scheme (1.26) applied to a system of conservation
laws (1.24). We need to rewrite the scheme for the convenience of the positivity
proof in the following sections. Substituting (1.18) into (1.26b) gives
() _ ) pte) _ ) o) oy o (B D = D
0 P P P Py _ P Py 0(d j=
¢(Fj+1 —F, W F; 7Fj—1) —(Fj+1 -k )¢ (W)
Jj+1 J
F+(p) _ F_-S-(p)
J

= (F;F(P) _ th(f))¢0< j:l
() +®) )’
Fj - Fj—l

(3.1a)
Ff(P) _ Ff(P)
0/ p—(p) =) —(p) =)y _ ;=) @)\ 0 J Jj—1
¢(Fj+1 _Fj ’Fj _Fj—l) _(Fj+1 _Fj )¢>( -®) _ -~
Fiow — Fj
—(p) —(p)
_ (F_—(P) _F_—(f))d)O(FjJrl B Fj
J J= —(p) -/’
Fj —ij1
(3.1b)

in which F="®) denotes the p-th component of the positive (negative) flux F*".

Consequently, the positive flux terms F;_”l /20 FJ‘*'_”1 /2 can be rewritten as

+ +1 + 4
Ffn = Fing _A$¢0(Fj+n1 - FT R *ijl)
i+1/2 J 2 Az ’ Az
n 1 n n n n
= Ej+ + §¢O(Fﬁ1 _ Fj+ 7Fj+ _ F;’_l) (3.2)
1
_ ot + + +
= 4 §¢j+1/2(Fj " FT),
+ s +(1) +(2) +(m)
where @j+1/2 = dzag(¢j+1/2, ¢j+1/27 ...<;5j+T/2), and

+n(p) _ ptn(p)
J

¢+(p) _ ¢0(Fj+1
j+1/2 = Fne) _ ijnl(p) ’
J J—
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" N .
Similarly, we can express Fji1 /2 88

n n 1 n n n n
F+ -1/2 = thl + _¢0(Fj+ - F}tD‘F]tl - F]tQ)
- [t 1 —¢ot Frn_ pin (3.4)
= iy +5 50— 1/2( 1)
with the diagonal matrix @;r_l g = diOLg(gb;.F_(ll)/27 qu_(zl)/z, qﬁjﬁ’{%} and
+(p) - F
" O L—2L=—= f 1<p<m. 3.5
¢] 1/2 — ¢ <F+n th’ri) or Sp=m ( )
It is obvious from the TVD property (1.22) that
+@) 4+
0< ¢>J+Ii/2,¢J 1;/27 for 1<p<m. (3.6)
Therefore, a combination of (3.2) and (3.4) gives
1.
Ffte = Efp = (7~ B 4 g8 - ). ()
where ® = diag(¢t™), ¢+, $T3)) and
Q_5+(p) = ¢;r_£1i)/2 - ¢j_(li)/2 ’ p= 17 27 ey T (38)
Clearly we have —2 < ¢T® <2 p=1,2,...,m. Now (3.7) becomes
F = Fp=U+5 ‘I’+)(F+" Fj) = WH(ET - FT), (3.9)
where Ut = (I 4+ 2&%) = diag(¢* M), +@ ¢+3)) and
1-
Pt =14 §¢+(P) ., p=1,2...m. (3.10)
Combining the results of (3.6), (3.8), (3.10) shows that 0 < U < 27.
A similar procedure can be applied to rewrite F'~, which gives
— 0 —-n — o
FJ+1/2 ¢ ( j+2 FJ+17FJ+1 j )
= Fi- 2(I>J+1/2(F3+1 ),
— 0 —n —n —n
Fl = ¢(y+1 Fyt FyT = FiY)
2 (3.11b)
= F"=5%5 i - 1),
with
- _ —(1) (2) —(m)
(Pj+1/2 - dzag(qﬁ j+1/20 ¢ j+1/20 ¢ '+71n/2) )
(3.11¢)

— 1 2
(I)j_l/g dlag((b] (1)/27¢] (1)/27 . ¢] (11”/)2)

and for p=1,2,...,m,
Ff”(P) _ F*”(P) F n(p) Fvin(p)
- _ +2 +1 (») 1
¢j+1;/2 = ¢O( J_ . ) ) ¢J ?/2 ¢O(F—n(p)—]) . (3.12)

n(p) —n(p) —n(p)
Fiy" —F i = E
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Furthermore, a similar argument shows that 0 < & < 2I. As a result, we

jE1/2
arrive at
_ 1 _
Filye = Filpp= Fh-F"+ 5((1) “1/2 = i) B — B (3.13)
= \Ili(Fj_qL’ni - Fj_n) )
with the diagonal matrix
_ 1
0<vw —I+2(f1>J 1/2 ‘I>J+1/2)<21 (3.14)
Finally, the combination of (1.26), (3.9), (3.14) leads to
At At
n+1 n n n — _
Uj o= Uj' = N (Fj_:—l/2 F+ 1/2) Ar (FJ+1/2 F; 1/2)
3.15)
n At +n +n At —-n (
=U} - A(E\II (F} Fj_)—A—\II (F; 5 —F),

where 0 < UF < 27

The above derivation shows that the second-order FVS method (3.15) is also a
stable perturbation (with the addition of ¥* between 0 and 2I) of the first-order
scheme in the case of a nonlinear system. Its positivity comes from the splitting of
the flux and the CFL-like conditions stated below.

4. Positivity property of Steger-Warming splitting (SWS). Applying the
flux splitting '+, F'~ into (1.26), we get the second-order Steger-Warming splitting
scheme:

At At
n+1 n n — _
urtt =up - ~ (FL = Fi ) = . (Fh e —F ) (4.1a)
+n +n +n +n
tn F+n g(bo (FJ-H Fj Fj — Fj—l)
J+1/2 Az ’ Az ’
(4.1b)

" — +_¢0( Jio FJ_+1 Fih - Fj_ﬂ)
j+1/2 — T g+1 Ax Ax )

where F+ and F~ are given by (2.4). Here ¢° is the minmod limiter or Van Leer
limiter, and ¢°(a, b) for each component.

THEOREM 4.1. The second-order Steger-Warming splitting scheme (4.1a), (4.1b)
1s positive under a CFL-like condition

At n n
= max(a\uj |+ ble? |) <1, (4.22)
where ) )
+2v—1 2y-—2 4 +4vy -3
e T R e e (4.2b)
gl gl v (=1
Proof of Theorem 4.1 First, applying the argument in Section 3 gives
At At
n+1 _ n —+n “+n n n
Uj =Uj' - Ax (F]+1/2 E; 1/2) Ar (Fg+1/2 F 1/2)
LAt At _ (4.3)
= U} = T WHF = BT = U (F - ),
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where 0 < U+ < 2], as indicated in (3.15).

The rewritten forms of F™ and F~ as given in Proposition 2.1 can be used
to substitute into (4.3). For conciseness and without loss of generality, we only
consider the three cases: (1) subsonic region with the assumption 0 < vl < ¢f,i =
Jj—1,7,7+1; (2) supersonic region with the assumption v > ¢",i = j—1,7,j +1;
(3) sonic transient region with the assumption v7 | > c_;, and 0 < v} < ¢} for
i = 7,7 + 1. The other subsonic, supersonic or transient regions can be dealt with
in the same manner, due to the detailed reformulation of F*, '~ given in Section

2.

4.1. Subsonic region. Substitution of (2.11)-(2.14) into (4.3) gives

UMt = UP — NUH(AFTUP — AT UT ) — AU (AT UL — ATUT)

= ANPATNUR |+ (AT AU 4 (T = AU AT 4 A0 AT U
= O UL, +CU + CiUfY
(4.4a)
where in the last step we denoted

Coy= XU AT Cr=—-AU"AT, Co=T-AUTAT" AU AT (4.4D)

Then the remaining work is to confirm that the matrices C_1, Cy, C; satisfy the
positivity property given by (1.36a), (1.36b), (1.36¢).
It can be seen that

;1 0 0
C_,= 0 c;% cié , (4.5a)
0 ¢35 33
_ 2y—1 , 1,
ep =Mt 2y i1 + ﬂcj—l),
_ 5y —2—~2 1, _ v—1
b= WO ), gl =t (dsh)

— 3y3 — Y n n — 2 n
03,5 = )‘7704—(3)1—8(1)3‘71 - 03‘71)2 ) 03,:1), = )‘@Z}+(d)(a3+,3)jfl )

which is symmetrizable and has only non-negative eigenvalues, by the estimates

(2.14), (2.15) and Lemma 2.1.
The matrix C; has a similar form to that of C_;

cd, 0 0
_ 1 1
Gy = 0 30 ¢33 |, (4.6a)
1 1
0 39 C33

o 1
C%,l =M\ <1)ﬂ(c?+1 - U;‘lﬂ) )

_( 1 _yy—1
oo = M) (2)5 [4cfi = @ =72+ i) ag=-"® = (46b)

(33— _ _
Czls,2 =\ ®) 18 (U;lﬂ - C?+1)2: 0:1),,3 =M\ (3)((1373)?“7

Again, the estimates (2.14), (2.15) and Lemma 2.1 indicate that C is symmetrizable
and has only non-negative eigenvalues.
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The matrix Cy can be represented as

_ 0 0
Co = 0 C%,z 03,3 ) (4.7a)
0 ¢35 c33

where

2v—1 1 1
0 +(1 n n —(1 n n
01,1—1*>\1/) ()(T’UJ +%cj) *)\1/) ()27(0] *’Uj),

5y—2—~2 1 1
68,2 —1_ )\w+(2) (%’U? + ;C?) _ )\¢_(2)E(4C? — (2 — 72 +’Y)U;ﬂ) ’

— 1 - 3 — n 7 —
A3s= )\VT(,QWQ) o (2)) o= 187(1)7" ey <7¢+(3) +o (3)) ’

Gg=1- O (afy)" — M~ (ag4)7 .
(4.7b)

The three diagonal elements of Cy: ¢ 1, ¢ 5, ¢§ 3 can be controlled by the following
argument with the usage of the preliminary estimate (2.17)

2(y—1 2
Ad,>0, if max)\(yvf—l-—c?) <1,
' in g v
, 2vy—1) 4
0 n = on
c59 20, if Hy}glx)\( vi + cj) <1, (4.8)
24271 244y -
cg320, if max)\(7 + 2y v Ay 30’-1) <1
’ gn ¥ Toy=-1)

In addition, we note that both ¢~ — 4+ and =@ — +2) are O(Az) so
that ¢ 5, c§ , are O(At), if some suitable continuity assumption for the numerical
solution is satisfied. Then we conclude that Cy differs O(At) from a diagonal
positive matrix under such condition. In the general case, we can still get the
positivity and symmetrizable property of Cy by adjusting the coefficients in cgg.
The technical detail is omitted.

Next we verify (1.36b). The direct calculation shows that

C1+Co+Ch = 0 s20 0 ; (4.9a)
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in which the diagonal elements have the following form

n) () o) pen()
-1+ >\¢+(1)(— _ jT) + A¢_(l)(J—n _ J:_l) 7
Pi-1 Pj Pj Pit1

=1+ )\’WHZ) ((a 2) (a2 2) ) + Ay~ (2)( ay, 2 (a5,2)?+1> )
3 —
83,2 = A%¢+(3) ((v}L_l - C?—1)2 - (UEL - C?)2) ) (4.9b)

3 — Yo n n n n
+)\—1/1 ® ((Uj - Cj)2 — (Vg — Cj+1)2
+n(3) F{»n(S)

=14+ MO (L
( B E

)
—n(3) —n(3)
) 4w (B - ).

Since F'T, F~ are smooth functions of the fluid variables p, m, E, it can be concluded
that C_1 + Co + C1 = I + O(At) if the numerical solution is Lipschitz continuous
at time ¢", thus (1.36b) is satisfied. In addition, Cy = 0 except for K = —1,0,1,
which gives that the scheme with the flux splitting (3.1) is positive in the subsonic
region.

4.2. Supersonic case. Substitution of (2.18), (2.19) into (4.3) gives the formula
(4.4) with the same notation of C_1,Cy, C; except that the form of F* A% has
been changed. Since F~" =0, A" = 0, we actually have

Urtt = 04U}, + CoUY, (4.10a)
where
Coy=X0AT"  Co=1-XU A", (4.10b)
In more detail,
Aptyn 0 0
= 0 ap @) T 0 , (4.11)
0 0 MO (ad ),
1— Apt@yr 0 0
Co = 0 1— xpt® 2;212) 0 . (4.12)
0 0 1= MO (ag,)n

The estimate (2.20) and the fact that 0 < U+ < 2] ensure the positivity of C_;
and Cj if
4
A max (Q’U;L + —cf ) <1, (4.14)
Jn ol
which implies that the CFL-like assumption (4.2) is a sufficient condition for (1.36a).
For the verification of (1.36b), a careful computation shows that

81’1 0 0
C_1+Cy= 0 82,2 0 R (4.158,)
0 0 53,3
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with the diagonal elements

+n(1) +n(1)
$11 :1+,\¢+(1)(Fj—_1 _HE
' P Py
+n(2) @)
S22 =1+ MZJHQ)( =
Pt
S35 =1+ pt® (L _J

B, Er

)

: (4.15b)

Therefore, C_1 + Cy = I + O(At) if U} is Lipschitz continuous with respect to z.
Thus the condition (1.36b) is guaranteed.

The condition (1.36¢) is obvious since Cx = 0 except for K = —1,0. Then we
finish the proof of the positivity property in the supersonic region.

REMARK 3. We observe that both C_1 and Cy are diagonal, hence symmetric pos-
itive, in the supersonic region.

n T
P . > ¢4, and

4.3. Sonic transient region. We consider the case such that v; ]

0 <o < for i = j,j + 1. The previous argument shows that

th”fl) . F;rn(l) 2y -1, 1
T = U1, T = vi 9

Pi+1 Pj 2 27
F+n(1) oy 1 F+n(2)

j+1 2 n n Il 7 A
T by, 0 <

p;.L_H o Vi Q’YC]-H < m?_1 >V ryC] 1

5y—2—~42 1 y—1

@ _ <7 O n) ny L gr

; 47 ’U] + ’ycj mj + 9 o

2

n@) _ (Y =2=7" o L\ . 7=l
A = (T + ) mia + T B

+n(3 3 - v
FrO = X (0 = e)? + (af 1) B

+n3) _ 3 =7 n n T EY

i+l T g (V741 = €i4a)? + (a5 8) 541 By s

Fne) 3— ‘+2y-1 3
j—1 n n Y n + \n 0 + i 4 ’Y+ "

0 < Ejn_l < vj—l + — =1 27 Cj < (ag,S)j < 2'7 Uj + 2'7 Cj ’

2
, ¥ +2y-1 , v+3
iy < (ad4)f < 2 Ui+ 2 s
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a1 —n() _ 1
B =g G ey, BT = g (G - )
F*"(Q) _ 1 4cn 2 2 n n Y= 1En
j ——@[Cj_(_V +)ofmi+ ——Ef,
—n(2 1 n n n Y= 1 n
F® = = [4cf = 2 =72 + v my + — i
-n(3) _ 3—v n _n\2 ) YER
p 5 W )"+ (ags)T EY (4.16b)
—n(3 3— Yy —
Fj+nl( = 18 (Vi1 C]+1)2 + (a3 3)i1 B
7_1(’0]-—(’])S(373)j§,_y—+1(’0j—0])<07
1 n — \n — 7/ n n
5 1(Uj+1 ii1) < (ags)jyr < T 1(”j+1 —¢jy) <0,
=0,

The formula for U;H'l in (4.4a) involves F]t”l, Fj‘“", F7" and F [, At the

supersonic point j — 1 and the subsonic point j + 1, F* and F~ can be expressed
as

+n _ A+n g -n _ A—-n7Jrn
Fj—l - Aj—l j—1> F‘j+1 - Aj+1 j+1> (417)

in which Ajtnl, A;rfl have the same form as in (2.19), (2.13), respectively, so that
the estimates in (4.16) can be applied. At the transient point j, we assume that
"

1 —e < & < 1if the solution is Lipschitz continuous. To facilitate the positivity

J
argument below, we express ;" in a similar form as that of F;}}, Ff” in a similar

form as that of thnl, ie.,

Fm =AU, F" =AU, (4.18)
in which Aij, A ; take the form of
(%,1)? 0
ALy = 0 (az5)] 0 ;
0 (a;,r?))?
4.19a
O 0 .
A”i] = 0 4 (a£2)? ’Y? s
0 1_7(”;1 - C?)Z (“3,3)?
9y —1 F+n(2) F+n(3)
(@fa)f = o=+ oo, (afa)) = oy (0f)) =
) 2y 2~y 277 mn 373 En
J J
— n 1 n — n n
(a11)f = _5( 7= i), (ag)] . [4Cj 2=+ ] (4.19b)
(U]_C])S(a33)]< (U]_Cj)<0
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The estimates in (4.16) are valid to control the above terms except for (aj,)7. The

assumption of Lipschitz continuity of the solution shows that

——— = ———+4+0(h), whichleadsto 0< — < v+ = +O(h).
my my_ m} ol

Similar to the subsonic and supersonic cases, we have
n+1 __ n n mn
U] 7071Uj71+COUj +Cl j+1’

if we denote

Coy=20rAl" o Cr=-XV" A, Co=1-AUHAT" + XU AT".

-1 Jt+1e
In more detail, the matrices C_1, Cy, C; take the following forms
Aptyn 0 0
C o 0 \ +(2) F;_Hl(2) 0
-1 — 'l/) 7/);1711}?71 ’
0 0 )\1/)“3)(‘1;,3)?—1
ci; 0 0
Cr = 0 C%,2 C%,g s

0 C%,? C%,S
_m 1
C%,l = A\ (1)%(02}4-1 - U;L+1)7

— 1 n n — Y~ 1
Co2 = A (2)@ [4cf = 2= +0fa] . =M <2>72 :

— 3— Y/ n n — — \n
Cé,z = -y ® 18 (Uj+1 - Cj+1)2> Czla,s =M\ (3)(a3,3)j+1a
c(l),1 0 0
Co = 0 Cg,z 63,3 s

0 0
0 ¢34 €33
with

=1 =2t (T g e) - Ay 0o (e =),

2v 7 2y
+n(2) .
e W(?)@ [4c) — 2 =72 +)0)]

J

— v 1 — (& 3 — Yin n
3=\ (2)77 G =N (S)T(’U;‘ — )2,
+n(3)
hy=1- A’/ﬁ(d)jE—n - )\1/1_(5)(%:3)?-
j

(4.20)

(4.21)

(4.22)

(4.23)

(4.24a)

(4.24b)

(4.25a)

(4.25b)

Using a similar argument as in the subsonic and supersonic regions, we conclude
that Cy, Cy, C1 are symmetric or symmetrizable and keep non-negative eigenvalues,
and C_; + Co + C1 = I + O(At) if U is Lipschitz continuous. Thus, the scheme
(4.1) with Steger-Warming flux splitting is also positive in the transient region

provided the CFL-like condition (4.2) is satisfied. Theorem 4.1 is proven.

O
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4.4. Positivity of density and total energy. In this subsection we prove the sec-
ond order Steger-Warming splitting method preserves positivity of hydrodynamic
variables, including density and total energy. To achieve this, we need to formulate
FT, F~ so that the corresponding matrices AT, A~ are diagonal with respect to
the first and third components. At a supersonic point, the form of AT, A~ is still
the same as (2.19) and the estimate (2.20) is valid. At a subsonic point 0 < v < ¢,
the corresponding matrices can take another form

af;, 0 0 a;, 0 0
Af=1 0 afy, F |, A= 0 ey ) (426)
0 0 a3y 0 0 oazs

where afl, aiQ are the same as in (2.14). The third diagonal element agt’?) reads

PO 21—:/1pv3 + pvict 2(71_1)pvc2 + 27($_1)pc3

et E = 7 4.27
__F® et = gpviet spppve? — moed (4.27)
013,3 = E = E )
and the following estimate can be derived
Ft®) 4242y -1 ~+3 1 _ F®
0<as= 7S % v+ 57 © —5¢S gy =—p— <0. (4.%)

Then the numerical scheme can be written in the form of either (4.4), (4.10)
or (4.21)-(4.22), at subsonic, supersonic or transient region, respectively. An im-
portant fact we should mention is that in all three cases, subsonic, supersonic or
transient, the three matrices C_1, Cy and C; are diagonal with respect to the first
and third components. As a result, p;-”rl and E"™! can be written as positive
combinations of p7_;, p7, p7,4, and ET |, EF, E,, respectively, i.e.

Pt = A0y F Xoap) + Aapt (4.29)
EMY = A13E] )+ MosE} + MsERy (4.30)
where
Aci = )‘¢+(1)(‘11+,1)?—17 A1g = *)\w_(l)(af,l)?-s-l»
Ao =1 =W (af )+ ap W (ary)r, Az =M (afy)? ), (4.31)
Mg =M~ (agy) . Xos=1- 2" (ad,)? + M~ (agy)r.

It can be observed that ;1,7 = —1,0,1 and A;3,% = —1,0,1 are non-negative
provided the CFL-like condition

At
N max(a\vﬂ + b|c§L|) <1, (4.32a)
2y —1 42 +2y -1 4 3
azmax( i 7’Y + i 72)7 b:ma‘x(_72+_)7 (432b)
Y v v Y

with the usage of the estimates (2.14), (2.20) and (4.28). Then the positivity of
p} and E7 implies the positivity of p;’ﬂ and E;’H. In other words, the numerical
scheme preserves the positivity of density and total energy. However, preservation
of positivity for the pressure is not so obvious. It is an inferior result to [28], [5], in
which the positivity of both the density and the internal energy was established.
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REMARK 4. We note that a variety of formulations of F* and F~ are possible
because of the nonlinearity of Euler fluz. The matrices AT and A~ as shown in
(4.26) in the subsonic case are not symmetrizable by Lemma 2.1 so that they cannot
be used in the proof of Proposition 4.1. However, such a formulation is very useful
in the proof of the positivity preserving property for the density and energy variables
since the matrices are diagonal with respect to the first and third components, and
the diagonal elements are also bounded by fluid velocity and sound speeds as shown

in (4.27).
5. Positivity of Van Leer Splitting (VLS). The main theorem in this section

is stated below.

THEOREM 5.1. The second-order scheme (4.1a),(4.1b) using Van Leer splitting
(2.5) is positive under a CFL-like condition

At
= max(a\uﬁ + b|cy|) <1, (5.1a)
where
y-1 7(272+47—6)> 4 8y 28-9)7
= 1 b= — .
a max(, + N 7+7+1+ 3 (5.1b)

Proof of Theorem 5.1 A similar analysis as in Section 4 can be carried out,
using the same notation, except for the difference of F*, F~. The solution U ]-"'H is
expressed as

n n At — —n —-n
\Ij+(Fj+ _thl)_gq/ ( j+1_Fj )7 (52)

At
Ax
with 0 < U'* < 2I. Denote

Coy=AUTATY Oy = - AUTATY, Co=T—-AUFAT" —AU-AT" | (5.3)

Jj—1> Jj+1>

n+1 __ n __
Ui =U;

then we have
UMt = 04U}, + CoUY + LU}, (5.4)
The positivity of the second order scheme is based on the rewritten forms of
FT, F~ as established in Proposition 2.1. Similar to the presentation in Section
4, we consider the following three cases: (1) subsonic region with 0 < v}* < ¢}, i =
Jj—1,4,7 + 1; (2) supersonic region with v > ¢l',i = j — 1,4,5 + 1; (3) sonic
transient region with v7 ; > ¢ ;, and 0 < v < ¢f for i = j,j + 1. The other
subsonic, supersonic or transient regions can be treated in the same way.

5.1. Subsonic region. In this case, the matrices C_1, Cy, Cy read

Xt (af )7, 0 ;
C_y = 0 Mt (az o)t A ’
Q_ 2
0 M@ ED n e )2 Agt@) (g e
(5.5)
Mp=W(ay 1) 0 | 1
Cy = 0 Mo~ (az )74 R
_ 2 — - n
0 MmOEZE @ — ) X Oaz,)
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C(l),l 0 0
Co = 0 &y B3 |, (5.7a)
0 Cg,2 Cg,?)
with
C(l),l =1- )\¢+(1>(6L1+,1);7L - A¢_(1)(ai1)? s

5y =1= 2T (af,)" — My~ (ag,)7,

v—1 oy —1
g = *)\¢+(2)T + A (Q)T ) (5.7b)

s =1-2"(afy)" — My~ (agy)7,

- _)\w(vﬂ — C;L)2(_¢+(3) +9~ ),

8,2 2
in which a7, i = 1,2,3 are given by (2.25b).
Using the same argument as in Section 4 and applying the estimate (2.26), we
conclude that

C_1,Cy,Cq are diagonal or symmetrizable and Cx >0,

up to O(At) difference, (5.8)
C_1+Co+C =1+0(LY), if ~ Uj"is Lipschitz continuous, (5.9)
under the following conditions

1 3 v—1 4

o™ —c) < T.‘ —c) <
me (G514 5) <10 mea (e T8 <1
max ) | 14y )Iv”\+( v, A w))ng’ 7
jn v+1 7 v+1 3 J

which can be assured by the CFL-like assumption (5.1b). Thus the positivity is
proven.

5.2. Supersonic region. In this case, the splitting flux F'*', F'~ have exactly the
same form as in the Steger-Warming splitting scheme. Therefore, the argument in
Section 4 can be applied here. We omit the detail.

5.3. Sonic transient region. Without loss of generality, we assume v’ ; > c7_;,
and 0 <o < ¢} for i = j,j+ 1. Using a similar argument as in the analysis of this
case in Section 4, we can represent C'_1, Cy and C as the following

Aptyn 0 0
C.1= 0 A+ (ag,)m 0 , (5.11)
0 0 M) (ag )7,
My~ W (aiy)?y 0 0
Ci = 0 A~ ag o)) @t

0 XD ED(n — e )2 MG (ag )y,

(5.12)
0(1),1 0 0

Co = 0 &y &3 |, (5.13a)

0 0
0 39 c33
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with
+n(1)
ey =1 =20 = amW(ary)
Pj
+n(2) -
Bo=1-MFE Lo aT P agy)] By =MD,
mj 2
™ (3 -)?
33=1- p™® JEn AT (ag,)T, Gy = )\?F(?’)T(v? _ay
J
(5.13b)
It is straightforward to verify that (5.8) and (5.9) are valid under the CFL-like
assumption (5.1b). Therefore, Theorem 5.1 is proven. O

5.4. Positivity of density and total energy. Once again, we have to rewrite
the fluxes F*, '~ to make the corresponding matrices A*, A~ are diagonal with
respect to the first and third components, in the proof of the property that the
second order Van Leer splitting method preserves positivity of density and total
energy. At a supersonic point, the form of A%, A~ is still the same as (2.19) and
the estimate (2.20) is valid. At a subsonic point 0 < v < ¢, the corresponding
matrices can take the same form as in (4.26) and we have the following estimates

1 1
0<aiy <g(lvl+0),  —7(c+3o]) <apy <0,
FH® _y(y* +2y-3) 2
0<af;=
= a3-,3 E - 2(,}/ + 1) | | v + 167 (514)
7(v? +2y - 3) QW) N
p— < = <O,
( 2(y+1) |v|+v+1c W8T T =

As a result, the numerical scheme can be recast in the form of either (4.4), (4.10)
or (4.21)-(4.22). We note that the three matrices C_1, Cy and C; are diagonal with
respect to the first and third components, in all three cases: subsonic, supersonic or
transient. Consequently, p;”rl and E;LH can be written as positive combinations
of p and E™, respectively, i.e.,

Pt = A1)+ Xoap) + Aapf (5.15)
E;,H‘l = )\7173E]n71 =+ A073E]n + /\1,3E;L+1 s (516)

with
Mg =Xt D1, A==V
Moo =1= 2@ )T+ M Dar)f, As =Py, (517)
As =M~ (ag)m, Aos=1- T (af )" + M~ (ag,)".

The combination coefficients A; 1,4 = —1,0,1, A; 3,4 = —1,0,1 are non-negative
under the following CFL-like condition

At
n ) < .
= max(a\vj |+ blc] |) <1, (5.18a)
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4y —1—~2 5292 +4y—-6) 5) b:maxe 8 ~v+3 §)
) ’y,’y+17 ’.)/ 72 b
(5.18b)

5y v+1 )

with the usage of the estimate (5.14). Then the scheme preserves the positivity
of density and energy. Once again, the positivity of internal energy (henceforth
the pressure field) cannot be obtained from the above derivation, thus the result
reported in this section is inferior to that in [28], [5].
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