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Abstract The primary challenge in designing a third-order energy-stable numerical method for the nonlocal

Cahn-Hilliard equation is associated with handling the expansive concave term. We overcome this difficulty by

combining it with the constant L2 diffusion term under the diffusivity condition and employing an implicit

treatment to ensure a theoretical stability analysis. In this paper, we propose and analyze a third-order

accurate in time, linear stabilized numerical scheme for the nonlocal Cahn-Hilliard equation. A linearized

backward differentiation formula (third-order backward differentiation formula) temporal discretization is

applied, combined with the Fourier pseudo-spectral spatial discretization. The nonlinear term is approximated

by an explicit extrapolation, and a third-order accurate Douglas-Dupont regularization term is added in the

numerical system. With the help of this artificial regularization, a rough energy stability analysis is derived, in

which a lower bound of the regularization parameter is required, dependent on the maximum norm bound of

the numerical solution. The convergence analysis and error estimates are conducted, and an application of the

inverse inequality recovers this functional bound. A novel test function for the error equation is taken in the

form of a discrete temporal derivative, and such a test function plays a crucial role in the optimal convergence

rate. Some numerical experiments, including both the convergence tests and simulation results of long-time

coarsening process, are presented to demonstrate the robustness of the proposed third-order method.
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1 Introduction

The nonlocal Cahn-Hilliard (NCH) equation has attracted increasing attention in various areas, ranging

from chemistry and material science to finance and image processing. Over Ω =
∏d

i=1(−Xi, Xi), a
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rectangular domain in Rd, such a mathematical model is the H−1 gradient flow with respect to the

following free energy functional, in which nonlocal interaction effects play an essential role [1–5]:

E(ϕ) =

∫
Ω

(
1

4
ϕ4 − 1

2
ϕ2 +

ε2

4

∫
Ω

J(x− y)(ϕ(x)− ϕ(y))2 dy

)
dx, (1.1)

where ε > 0 is an interfacial parameter. In more detail, the kernel function J is required to satisfy the

following conditions [9, 23]:

(a) J(x) > 0 for any x ∈ Ω;

(b) J is integrable in Ω and
∫
Ω
J(x)dx > 0;

(c) J is even, i.e., J(x) = J(−x) for any x ∈ Rd;

(d) J is Ω-periodic;

(e) 1
2

∫
Ω
J(x)|x|2dx = 1 (a finite second moment).

Subsequently, a nonlocal linear operator is defined as follows, based on the nonlocal free energy:

L : ψ(x) 7→
∫
Ω

J(x− y)(ψ(x)− ψ(y))dy, so that Lψ = (J ∗ 1)ψ − J ∗ ψ

with

(J ∗ ψ)(x) =
∫
Ω

J(x− y)ψ(y)dy =

∫
Ω

J(y)ψ(x− y)dy (a periodic convolution).

Meanwhile, a direct calculation gives an equivalent form of the free energy (1.1) as

E(ϕ) =

∫
Ω

F (ϕ)dx+
ε2

2
(Lϕ, ϕ)L2 , F (ϕ) =

1

4
ϕ4 − 1

2
ϕ2. (1.2)

As a result, the associated NCH equation is formulated as the H−1 gradient flow:

∂tϕ = ∆µ, µ := δϕE(ϕ) = ϕ3 − ϕ+ ε2Lϕ = ϕ3 − ϕ+ ε2((J ∗ 1)ϕ− J ∗ ϕ). (1.3)

Moreover, the following diffusivity condition is imposed to enforce the well-posedness of the NCH equation:

γ0 := ε2(J ∗ 1)− 1 > 0. (1.4)

Without this condition, the solution may exhibit some singular behaviors; see the related partial

differential equation (PDF) analysis studies [3, 4, 6, 12,18].

There have been extensive numerical studies of the NCH equation in recent years [2,5,10,11,31,33,34].

For any gradient flow equation, the free energy dissipation induced by the energetic variational formulation

has always been a central issue in any numerical study. Several different approaches have been reported

to preserve such an energy stability. Based on the convex-concave decomposition of the free energy (1.1),

the convex splitting idea was applied to the NCH equation, and both the first- and second-order accurate

numerical schemes have been analyzed in detail [14–16]. One special feature of the convex splitting

approach is its implicit treatment of the nonlinear term, which comes from the convexity of the nonlinear

energy part.

Because of the numerical challenges in the implementation of a nonlinearly implicit algorithm, the

linearized and energy stable numerical scheme becomes more and more popular. In particular, the

stabilized numerical approach, which treats the highest-order diffusion term implicitly while updating

the nonlinear and concave terms explicitly, combined with an artificial regularization term, turns out

to be a natural choice. For the standard local Cahn-Hilliard equation, the stabilized linear numerical

schemes have been analyzed in detail [19–21,29], in both the first and second accuracy orders (in time).

In terms of the NCH equation, two stabilized linear semi-implicit schemes were proposed in [9], following

a similar numerical design. In such a framework, a maximum norm bound of the numerical solution needs

to be derived, so that a lower bound for the artificial regularization parameter enforces the energy stability

at a theoretical level. If the standard local CH equation is considered, such a maximum norm bound can

be established with the help of the surface diffusion; the related theoretical techniques have been reported
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in [19–21]. Meanwhile, if the diffusion operator is replaced by a nonlocal version (as given by (1.3)), a

global-in-time maximum norm bound would face a serious theoretical difficulty, due to the fact that the

nonlocal diffusion term only corresponds to an L2 regularity, in comparison with the H1 regularity of the

local diffusion operator. Instead, a local-in-time convergence analysis has to be performed, and the inverse

inequality is needed to establish the corresponding energy stability estimate for the NCH equation; see

the detailed analysis in [23–25]. Moreover, to further improve computational efficiency, various high-order

time-stepping approaches have been developed for the Cahn-Hilliard equation [22,26,30].

On the other hand, all the existing stabilized linear numerical schemes have been only in the first or

second temporal accuracy orders, for both the local and nonlocal CH models. In this paper, we propose

a third-order accurate in time, stabilized linear scheme for the NCH equation, and theoretically establish

the energy stability and convergence analysis. The temporal discretization is based on the third-order

backward differentiation formula (BDF3) method. In the chemical potential expansion, the nonlinear

term is approximated by a third-order accurate explicit extrapolation formula, following the stabilization

idea. Meanwhile, the primary challenge in the numerical design of a third-order accurate and energy

stable method is focused on the expansive concave term. If such a term is also approximated by an

explicit extrapolation formula, a theoretical justification of the energy stability would face a serious

difficulty, due to its long stencil nature. To overcome this difficulty, we combine the expansive concave

term and the constant L2 term in the diffusion part, and make use of the diffusivity condition (1.4). In

turn, an implicit treatment is applied to such a combined constant multiple term, which plays an essential

role in the theoretical analysis. Meanwhile, the explicit extrapolation becomes a natural choice for the

convolution term, for the sake of unique solvability. Due to the smoothness of the convolution kernel

function, the additional numerical dissipation in the temporal derivative term is able to balance such an

explicit extrapolation in the energy stability analysis. Moreover, a third-order artificial regularization

term, in the form of A∆N (ϕn+1 − 2ϕn + ϕn−1), is added to the numerical method to ensure an energy

stability analysis.

With a careful estimate in the discrete H−1 space, the energy stability of the proposed scheme can be

derived, in terms of a modified energy, composed of the original energy functional and a few numerical

correction terms. In more detail, such a modified energy stability analysis is associated with a lower

bound for the artificial regularization parameter, dependent on the maximum norm of the numerical

solution at the current and previous time steps, as well as the next time step. Meanwhile, a global-in-

time ℓ∞ bound of the numerical solution is not theoretically available, due to the lack of regularity for the

nonlocal diffusion part. To overcome this difficulty, we perform an optimal rate convergence analysis of the

stabilized third-order BDF3 scheme, and an application of the inverse inequality is applied to justify this

ℓ∞ bound. Thanks to the third-order accuracy in time, a higher-order asymptotic consistency analysis

is not needed in the error estimate, which comes from the fact that the leading order truncation error is

able to recover the maximum norm bound of the numerical solution. Because of the long temporal stencil

in the BDF3 discretization, a standard H−1 error analysis would not be able to bring the desired result.

Instead, an alternate test function, in the form of the discrete temporal difference between the numerical

errors, is taken in the H−1 space, in comparison with the standard H−1 error estimate reported in [23]

for the first-order scheme. Such a theoretical approach would provide a temporal difference between two

associated error energy norms, and the convexity of the nonlinear terms also plays an important role.

Subsequently, by making use of the derived convergence estimate, a uniform ℓ∞ bound of the numerical

solution becomes available, with the help of the inverse inequality. Therefore, the a priori assumption

is recovered, so that the lower bound is derived for the stabilization constant for the energy stability

analysis.

The rest of this paper is organized as follows. In Section 2, the stabilized BDF3 scheme is proposed,

combined with the Fourier pseudo-spectral spatial discretization, and a modified energy stability is

derived, under an ℓ∞ bound assumption of the numerical solution. Subsequently, the convergence analysis

and error estimates are provided in Section 3. In Section 4, some numerical results are presented to

demonstrate the robustness and high-order accuracy of the proposed numerical scheme. Finally, some

concluding remarks are given in Section 5.
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2 The numerical scheme and the energy stability analysis

2.1 Fourier pseudo-spectral spatial approximation

The two-dimensional (2-D) Fourier spectral collocation discretization is considered; an extension to the

three-dimensional (3-D) case turns out to be straightforward. Let Nx and Ny denote two integer numbers,

and let the Nx×Ny mesh Ωh of the domain Ω = (−X,X)× (−Y, Y ) become (xi, yj) with xi = −X+ ihx,

yj = −Y + jhy, 1 6 i 6 Nx, 1 6 j 6 Ny, where hx = 2X/Nx and hy = 2Y/Ny are the uniform mesh

sizes in each direction. For simplicity of presentation, we take h = max{hx, hy}, and the following index

sets are introduced:

Sh = {(i, j) ∈ Z2 | 1 6 i 6 Nx, 1 6 j 6 Ny},

Ŝh =

{
(k, l) ∈ Z2

∣∣∣∣ − Nx

2
+ 1 6 k 6 Nx

2
, −Ny

2
+ 1 6 l 6 Ny

2

}
.

In turn, all periodic grid functions on Ωh are defined as

Mh = {f : Ωh → R | fi+mNx,j+nNy = fij for any (i, j) ∈ Sh and (m,n) ∈ Z2}.

For any two periodic grid functions f, g ∈ Mh and f = (f1, f2)T, g = (g1, g2)T ∈ Mh×Mh, the discrete

ℓ2 inner product ⟨·, ·⟩, discrete ℓ2 norm ∥ · ∥2, discrete ℓp norm ∥ · ∥p and discrete ℓ∞ norm ∥ · ∥∞ can be

defined as follows:

⟨f, g⟩ = hxhy
∑

(i,j)∈Sh

fijgij , ⟨f , g⟩ = hxhy
∑

(i,j)∈Sh

(f1ijg
1
ij + f2ijg

2
ij),

∥f∥2 =
√
⟨f, f⟩, ∥f∥2 =

√
⟨f ,f⟩,

∥f∥∞ = max
(i,j)∈Sh

|fij |, ∥f∥∞ = max
(i,j)∈Sh

√
|f1ij |2 + |f2ij |2,

∥f∥p = (⟨|f |p,1⟩)
1
p , ∥f∥p = (⟨|f |p,1⟩)

1
p , 1 6 p < +∞.

Meanwhile, for any f ∈ Mh, we introduce f := 1
|Ω| ⟨f, 1⟩ as the mean value of f . In particular, all the

grid functions in Mh with mean zero are defined as M0
h = {f ∈ Mh | ⟨f, 1⟩ = 0}.

For any f ∈ Mh, the 2-D discrete Fourier transform f̂ = Pf is defined as [28,32]

f̂kl =
∑

(i,j)∈Sh

fij exp

(
− i

kπ

X
xi

)
exp

(
− i

lπ

Y
yj

)
, (k, l) ∈ Ŝh. (2.1)

Conversely, f can be reconstructed through the corresponding inverse transform f = P−1f̂ :

fij =
1

NxNy

∑
(k,l)∈Ŝh

f̂kl exp

(
i
kπ

X
xi

)
exp

(
i
lπ

Y
yj

)
, (i, j) ∈ Sh. (2.2)

Let M̂h = {Pf | f ∈ Mh}. The operators D̂x and D̂y on M̂h are defined as

(D̂xf̂)kl =

(
kπi

X

)
f̂kl, (D̂y f̂)kl =

(
lπi

Y

)
f̂kl, (k, l) ∈ Ŝh.

In turn, the Fourier pseudo-spectral approximations to the first and second spatial derivatives become

Dx = P−1D̂xP, Dy = P−1D̂yP, D2
x = P−1D̂2

xP, D2
y = P−1D̂2

yP.

Similarly, for any f ∈ Mh and f = (f1, f2)T ∈ Mh×Mh, the discrete gradient, divergence and Laplacian

operators are represented at a component-wise level:

∇Nf =

(
Dxf

Dyf

)
, ∇N · f = Dxf

1 +Dyf
2, ∆Nf = D2

xf +D2
yf.

The following summation by parts formulas are cited from existing studies.
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Lemma 2.1 (See [13,23–25]). (i) For any f, g ∈ Mh and g ∈ Mh ×Mh, we have

⟨f,∇N · g⟩ = −⟨∇Nf, g⟩, ⟨f,∆Ng⟩ = −⟨∇Nf,∇Ng⟩ = ⟨∆Nf, g⟩.

(ii) The inversion of −∆N exists on M0
h and (−∆N )−1 is self-adjoint and positive definite.

Since (−∆N )−1f is well-defined for any f ∈ M0
h, the discrete H−1 inner product and the ∥ · ∥−1,N

norm are defined as

⟨f, g⟩−1,N = ⟨f, (−∆N )−1g⟩ = ⟨(−∆N )−1f, g⟩, ∥f∥−1,N =
√
⟨f, f⟩−1,N , ∀ f, g ∈ M0

h.

In terms of the discrete convolution definition, the following kernel function set is considered:

Kh = {ψ : Ωh → R | ψi+mNx,j+nNy = ψij for any (i, j) ∈ Sh and (m,n) ∈ Z2}.

A discrete transform and its inverse of ψ ∈ Kh can be similarly defined as (2.1) and (2.2). The discrete

convolution ψ ~ f ∈ Mh for any ψ ∈ Kh and f ∈ Mh is defined by

(ψ ∗⃝ f)ij = hxhy
∑

(m,n)∈Sh

ψi−m,j−nfmn, (i, j) ∈ Sh.

The following preliminary estimate is needed in the convergence analysis, and its detailed proof can be

found in [23].

Lemma 2.2 (See [23]). Suppose J ∈ C1
per(Ω) and denote its grid restriction by Jij := J(xi, yj). Then

for any ϕ, ψ ∈ Mh and any α > 0, we have

|⟨J ∗⃝ϕ,∆Nψ⟩| 6 α∥ϕ∥22 +
C2

α
∥∇Nψ∥22, (2.3)

where C2 is a positive constant that depends on J and Ω, but is independent of hx and hy.

Given an integrable kernel J satisfying the assumptions (a)–(e), the discrete form of the nonlocal

operator L becomes

LNf = (J ∗⃝ 1)f − J ∗⃝ f, f ∈ Mh.

It is clear that LN commutes with −∆N and is self-adjoint and positive semi-definite. On the other hand,

a discrete version of the energy (1.2) is defined as

EN (v) = ⟨F (v), 1⟩+ ε2

2
⟨LNv, v⟩, v ∈ Mh.

For simplicity, we still use ∗, instead of ∗⃝ , to denote the discrete convolutions in the following analysis.

2.2 The stabilized BDF3 discrete scheme

The following third-order accurate in time, stabilized BDF scheme is proposed: given ϕn, ϕn−1, ϕn−2 ∈
M0

h, find ϕ
n+1 ∈ M0

h that satisfies

11
6 ϕ

n+1 − 3ϕn + 3
2ϕ

n−1 − 1
3ϕ

n−2

∆t

= ∆N ((ϕ̆n+1)3 −A∆t∆N (ϕn+1 − 2ϕn + ϕn−1) + γ0ϕ
n+1 − ε2J ∗ ϕ̆n+1) (2.4)

with ϕ̆n+1 = 3ϕn − 3ϕn−1 + ϕn−2.

Of course, the unique solvability of this numerical method is obvious, based on the fact that only a

linear and positive-definite operator, i.e., 11
6∆t − γ0∆N + A∆t∆2

N , is involved in the implicit part. In

fact, the spatial interpolation of the Fourier basis functions forms a complete basis of all the eigenvectors

of this linear operator, and all the eigenvalues can be exactly computed. In turn, such a linear system

can be exactly solved via a fast Fourier transform-based implementation, which turns out to be highly

efficient.
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2.3 A modified energy stability analysis

A modified energy stability estimate is stated in the following proposition.

Proposition 2.3. For the proposed BDF3 numerical scheme (2.4), a modified energy dissipation

property holds:

ẼN (ϕn+1, ϕn, ϕn−1) 6 ẼN (ϕn, ϕn−1, ϕn−2), (2.5)

where

ẼN (ϕn+1, ϕn, ϕn−1) := EN (ϕn+1) +
3

4∆t
∥ϕn+1 − ϕn∥2−1,N +

1

6∆t
∥ϕn − ϕn−1∥2−1,N

+

(
7

24
A

) 1
2

∥ϕn+1 − 2ϕn + ϕn−1∥22 +
A∆t

2
∥∇N (ϕn+1 − ϕn)∥22,

provided that the following constraints are valid:

A > 24

7

(
9

2γ0
(∥3ϕn − 3ϕn−1 + ϕn−2∥2∞ + ∥ϕn+1∥2∞)4 + 1

)2

, 24C2ε
4∆t 6 min(1, γ0). (2.6)

Proof. Taking a discrete inner product with (2.4) by (−∆N )−1(ϕn+1 − ϕn) leads to

1

∆t

⟨
11

6
ϕn+1 − 3ϕn +

3

2
ϕn−1 − 1

3
ϕn−2, ϕn+1 − ϕn

⟩
−1,N

−A∆t⟨∆N (ϕn+1 − 2ϕn + ϕn−1), ϕn+1 − ϕn⟩+ γ0⟨ϕn+1, ϕn+1 − ϕn⟩

= −⟨(ϕ̆n+1)3, ϕn+1 − ϕn⟩+ ε2⟨J ∗ ϕ̆n+1, ϕn+1 − ϕn⟩, (2.7)

in which summation by parts formulas have been repeatedly applied. For the left-hand side term

associated with the BDF3 temporal stencil, we make use of the following equivalent form:

11

6
ϕn+1 − 3ϕn +

3

2
ϕn−1 − 1

3
ϕn−2

=
2

3
(ϕn+1 − ϕn) +

7

6
(ϕn+1 − 2ϕn + ϕn−1) +

1

3
(ϕn−1 − ϕn−2).

This in turn gives the following estimate:⟨
11

6
ϕn+1 − 3ϕn +

3

2
ϕn−1 − 1

3
ϕn−2, ϕn+1 − ϕn

⟩
−1,N

> 2

3
∥ϕn+1 − ϕn∥2−1,N − 1

6
∥ϕn+1 − ϕn∥2−1,N − 1

6
∥ϕn−1 − ϕn−2∥2−1,N

+
7

12
(∥ϕn+1 − ϕn∥2−1,N − ∥ϕn − ϕn−1∥2−1,N + ∥ϕn+1 − 2ϕn + ϕn−1∥2−1,N )

=
13

12
∥ϕn+1 − ϕn∥2−1,N − 7

12
∥ϕn − ϕn−1∥2−1,N − 1

6
∥ϕn−1 − ϕn−2∥2−1,N

+
7

12
∥ϕn+1 − 2ϕn + ϕn−1∥2−1,N . (2.8)

For the artificial regularization term, the following identity holds:

⟨−∆N (ϕn+1 − 2ϕn + ϕn−1), ϕn+1 − ϕn⟩
= ⟨∇N (ϕn+1 − 2ϕn + ϕn−1),∇N (ϕn+1 − ϕn)⟩

=
1

2
(∥∇N (ϕn+1 − ϕn)∥22 − ∥∇N (ϕn − ϕn−1)∥22 + ∥∇N (ϕn+1 − 2ϕn + ϕn−1)∥22). (2.9)

The standard triangular equality can be applied to the linear term on the left-hand side

⟨ϕn+1, ϕn+1 − ϕn⟩ = 1

2
(∥ϕn+1∥22 − ∥ϕn∥22 + ∥ϕn+1 − ϕn∥22). (2.10)
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Regarding the nonlocal diffusion term on the right-hand side, we begin with a rewritten form

−ε2⟨J ∗ ϕ̆n+1, ϕn+1 − ϕn⟩ = −ε2⟨J ∗ ϕn+1, ϕn+1 − ϕn⟩
+ ε2⟨J ∗ (ϕn+1 − 3ϕn + 3ϕn−1 − ϕn−2), ϕn+1 − ϕn⟩

= −ε
2

2
(⟨ϕn+1, J ∗ ϕn+1⟩ − ⟨ϕn, J ∗ ϕn⟩+ ⟨J ∗ (ϕn+1 − ϕn), ϕn+1 − ϕn⟩)

+ ε2⟨J ∗ (ϕn+1 − 3ϕn + 3ϕn−1 − ϕn−2), ϕn+1 − ϕn⟩. (2.11)

For the additional term ε2⟨J ∗ (ϕn+1 − ϕn), ϕn+1 − ϕn⟩, we apply (2.3) in Lemma 2.2 and get

ε2⟨J ∗ (ϕn+1 − ϕn), ϕn+1 − ϕn⟩
= −ε2⟨J ∗ (ϕn+1 − ϕn),∆N ((−∆N )−1(ϕn+1 − ϕn))⟩

6 6C2ε
4∆t∥ϕn+1 − ϕn∥22 +

1

6∆t
∥∇N (−∆N )−1(ϕn+1 − ϕn)∥22

6 6C2ε
4∆t∥ϕn+1 − ϕn∥22 +

1

6∆t
∥ϕn+1 − ϕn∥2−1,N . (2.12)

Another additional term, ε2⟨J ∗ (ϕn+1 − 3ϕn + 3ϕn−1 − ϕn−2), ϕn+1 − ϕn⟩, can be analyzed in a similar

way:

ε2⟨J ∗ (ϕn+1 − 3ϕn + 3ϕn−1 − ϕn−2), ϕn+1 − ϕn⟩
= −ε2⟨J ∗ (ϕn+1 − 3ϕn + 3ϕn−1 − ϕn−2),∆N ((−∆N )−1(ϕn+1 − ϕn))⟩

> −12C2ε
4∆t∥ϕn+1 − 3ϕn + 3ϕn−1 − ϕn−2∥22 −

1

12∆t
∥ϕn+1 − ϕn∥2−1,N

> −24C2ε
4∆t(∥ϕn+1 − 2ϕn + ϕn−1∥22 + ∥ϕn − 2ϕn−1 + ϕn−2∥22)−

1

12∆t
∥ϕn+1 − ϕn∥2−1,N . (2.13)

As a result, a combination of (2.11)–(2.13) yields

− ε2⟨J ∗ ϕ̆n+1, ϕn+1 − ϕn⟩

> −ε
2

2
(⟨ϕn+1, J ∗ ϕn+1⟩ − ⟨ϕn, J ∗ ϕn⟩)− 1

6∆t
∥ϕn+1 − ϕn∥2−1,N

− C2ε
4∆t(3∥ϕn+1 − ϕn∥22 + 24∥ϕn+1 − 2ϕn + ϕn−1∥22 + 24∥ϕn − 2ϕn−1 + ϕn−2∥22). (2.14)

In terms of the nonlinear inner product, we begin with the following decomposition:

(ϕ̆n+1)3 − (ϕn+1)3 = −((ϕ̆n+1)2 + ϕ̆n+1ϕn+1 + (ϕn+1)2)(ϕn+1 − 3ϕn + 3ϕn−1 − ϕn−2), (2.15)

where the identity ϕ̆n+1−ϕn+1 = −(ϕn+1−3ϕn+3ϕn−1−ϕn−2) has been applied. In turn, the following

estimate can be derived:

⟨(ϕ̆n+1)3 − (ϕn+1)3, ϕn+1 − ϕn⟩

> ∥(ϕ̆n+1)2 + ϕ̆n+1ϕn+1 + (ϕn+1)2∥∞· ∥ϕn+1 − 3ϕn + 3ϕn−1 − ϕn−2∥2· ∥ϕn+1 − ϕn∥2

> −3

2
(∥ϕ̆n+1∥2∞ + ∥ϕn+1∥2∞) · ∥ϕn+1 − 3ϕn + 3ϕn−1 − ϕn−2∥2 · ∥ϕn+1 − ϕn∥2

> − 9

4γ0
(∥ϕ̆n+1∥2∞ + ∥ϕn+1∥2∞)2∥ϕn+1 − 3ϕn + 3ϕn−1 − ϕn−2∥22 −

γ0
4
∥ϕn+1 − ϕn∥22

> − 9

2γ0
(∥ϕ̆n+1∥2∞ + ∥ϕn+1∥2∞)2(∥ϕn+1 − 2ϕn + ϕn−1∥22 + ∥ϕn − 2ϕn−1 + ϕn−2∥22)

− γ0
4
∥ϕn+1 − ϕn∥22. (2.16)

On the other hand, the convexity of ∥ϕ∥44 (in terms of ϕ) implies the following inequality:

⟨(ϕn+1)3, ϕn+1 − ϕn⟩ > 1

4
(∥ϕn+1∥44 − ∥ϕn∥44), (2.17)
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and its combination with (2.16) leads to

⟨(ϕ̆n+1)3, ϕn+1 − ϕn⟩ > 1

4
(∥ϕn+1∥44 − ∥ϕn∥44)−

γ0
4
∥ϕn+1 − ϕn∥22

− 9

2γ0
(∥ϕ̆n+1∥2∞ + ∥ϕn+1∥2∞)2(∥ϕn+1 − 2ϕn + ϕn−1∥22

+ ∥ϕn − 2ϕn−1 + ϕn−2∥22). (2.18)

Finally, a substitution of (2.8)–(2.10), (2.14) and (2.18) into (2.7) yields

1

∆t

(
11

12
∥ϕn+1 − ϕn∥2−1,N − 7

12
∥ϕn − ϕn−1∥2−1,N − 1

6
∥ϕn−1 − ϕn−2∥2−1,N

)
+ EN (ϕn+1)− EN (ϕn) +

A∆t

2
(∥∇N (ϕn+1 − ϕn)∥22 − ∥∇N (ϕn − ϕn−1)∥22)

+
7

12∆t
∥ϕn+1 − 2ϕn + ϕn−1∥2−1,N +

A∆t

2
∥∇N (ϕn+1 − 2ϕn + ϕn−1)∥22

−
(

9

2γ0
(∥ϕ̆n+1∥2∞ + ∥ϕn+1∥2∞)2 + 24C2ε

4∆t

)
· (∥ϕn+1 − 2ϕn + ϕn−1∥22 + ∥ϕn − 2ϕn−1 + ϕn−2∥22)

+

(
γ0
4

− 3C2ε
4∆t

)
∥ϕn+1 − ϕn∥22 6 0. (2.19)

Meanwhile, a careful application of the Cauchy inequality indicates that

7

12∆t
∥ϕn+1 − 2ϕn + ϕn−1∥2−1,N +

A∆t

2
∥∇N (ϕn+1 − 2ϕn + ϕn−1)∥22

>
(
7

6
A

) 1
2

∥ϕn+1 − 2ϕn + ϕn−1∥22. (2.20)

In turn, its substitution into (2.19) leads to a modified energy dissipation

ẼN (ϕn+1,ϕn, ϕn−1)− ẼN (ϕn, ϕn−1, ϕn−2) +
1

6∆t
∥ϕn+1 − ϕn∥2−1,N +

γ0
8
∥ϕn+1 − ϕn∥22 6 0 (2.21)

under the constraint (2.6), to which the following bounds have been applied:

24C2ε
4∆t 6 1, 3C2ε

4∆t 6 γ0
8
,

9

2γ0
(∥ϕ̆n+1∥2∞ + ∥ϕn+1∥2∞)2 + 1 6

(
7

24
A

) 1
2

=
1

2

(
7

6
A

) 1
2

.

This completes the proof of Proposition 2.3.

Remark 2.4. There have been a few existing studies of the BDF3 schemes for various gradient flows

with the standard local diffusion process [8, 17], and the associated energy stability and convergence

analysis have been reported as well. Meanwhile, it is noticed that an implicit treatment for the nonlinear

term is adopted in [8] to deal with the standard local Cahn-Hilliard equation, so that the artificial

regularization parameter requirement turns out to be simpler than (2.6) stated in Proposition 2.3. In

addition, the theoretical analysis for the NCH equation is much more challenging than that for the local

gradient flows, which comes from the lack of diffusion regularity in the nonlocal model.

Remark 2.5. It is natural to inquire about an extension of this framework to even higher-order

methods, such as the BDF4. While higher-order accuracy can be achieved via multi-step formulas, such

as the exponential time differencing (ETD) schemes for the no-slope-selection model in [7], extending the

current BDF theoretical analysis would face fundamental challenges. Specifically, the energy stability

analysis for higher-order multi-step schemes consistently relies on a modified energy functional. In

terms of the BDF4 algorithm, although it is G-stable, constructing such a modified energy functional

to absorb the explicit extrapolation of the nonlinear term turns out to be algebraically complex, as the
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decomposition identity becomes significantly more complicated. Furthermore, the stability region of the

BDF4 is narrower than that of the BDF3, which would likely necessitate a much larger stabilization

parameter A or stricter time-step constraint to enforce the modified energy dissipation.

Remark 2.6. As always in the stabilization numerical analysis, the constraint (2.6) depends on the

maximum norm bound of the numerical solution at the next time step, as well as those at the current

and previous time steps. Meanwhile, a direct ∥ ·∥∞ estimate of the numerical solution is not theoretically

available, so this proposition does not provide a closed mathematical analysis of the energy stability.

As a result, the maximum norm bound of the numerical solution has to be derived to recover such a

theoretical analysis. For the standard local Cahn-Hilliard equation, the ∥ · ∥∞ bound of the numerical

solution can be justified in the usual Sobolev space, with the help of the standard local diffusion operator;

see the related studies [19–21]. On the other hand, since the nonlocal diffusion operator with an integrable

kernel generally acts as a bounded linear operator and lacks the strong regularity to facilitate Sobolev

embeddings, a direct ∥·∥∞ estimate would not be available for the NCH equation. Instead, the convergence

analysis turns out to be necessary to recover such a maximum norm bound. It should be noted that the

lower bound for A in (2.6) serves as a theoretical sufficiency condition and may be conservative in practice.

As shown in Subsection 4.1, the scheme performs robustly with much smaller values of A, suggesting that

a sharper practical bound exists.

In other words, the lower bound of A has to be obtained by deriving the maximum bound of the

numerical solution at the specified time steps. To deal with this challenge, a perturbation analysis turns

to be a more feasible approach. In more detail, the numerical solution has to be treated as a perturbation

of the exact PDE solution for (1.3), and a local-in-time convergence analysis is performed to recover the

maximum norm bound of the numerical solution, with the help of the inverse inequality.

3 The optimal rate convergence analysis and error estimate

A smooth, periodic solution to the NCH equation (1.3), with smooth periodic initial data, is denoted

by Φ.

On the other hand, since the NCH equation (1.3) is a mass-conservative gradient flow, we need to

construct a mean-free numerical error function to facilitate the H−1 error analysis. To accomplish this,

we introduce ΦN ( · , t) := PNΦ( · , t), the (spatial) Fourier projection of the exact solution into BK , the

space of trigonometric polynomials of degree up to K, with K = [N2 ]. Subsequently, the following

projection approximation becomes standard:

∥ΦN − Φ∥L∞(0,T ;Hk) 6 Chℓ−k∥Φ∥L∞(0,T ;Hℓ), ∀ 0 6 k 6 ℓ,

if Φ ∈ L∞(0, T ;Hℓ
per(Ω)), for some ℓ ∈ N. For simplicity of notation, we define Φk

N and Φk as ΦN ( · , tk)
and Φ( · , tk), respectively, with tk = k · ∆t. Based on the fact that ΦN ∈ BK , the mass conservative

property is valid at the discrete level:

Φk
N =

1

|Ω|

∫
Ω

ΦN (·, tk) dx =
1

|Ω|

∫
Ω

ΦN (·, tk−1) dx = Φk−1
N , ∀ k ∈ N.

Meanwhile, the solution of the numerical scheme (2.4) is also mass conservative at the discrete level:

ϕk = ϕk−1, ∀ k ∈ N.

On the other hand, we define Φk
N as the interpolation values of ΦN at discrete grid points at time instant

tk: Φk
N := PhΦN ( · , tk). To avoid an initial inconsistency, we use the mass conservative projection for

the initial data: ϕ0i,j,k := ΦN (xi, yj , zk, t = 0). In turn, the error grid function is defined as

ek := Φk
N − ϕk, ∀ k > 0.
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Consequently, it is clear that ek = 0 for any k > 0, so that the discrete norm ∥ · ∥−1,N is well-defined for

the error grid function. In addition, with an initial data with sufficient regularity, we are always able to

assume that the exact solution has regularity of class R:

Φ ∈ R := H4(0, T ;C0
per) ∩H3(0, T ;C2

per) ∩ L∞(0, T ;Cm+2
per ), m > 3. (3.1)

Here, the integer m denotes the spatial regularity index of the exact solution. As a result, the following

functional bound becomes valid:

max
16j6Nk

∥Φj
N∥∞ + max

16j6Nk

∥∥∥∥Φj
N − Φj−1

N

∆t

∥∥∥∥
∞

+ max
16j6Nk

∥∥∥∥Φj+1
N − 2Φj

N +Φj−1
N

∆t2

∥∥∥∥
∞
< C∗, (3.2)

which states that the exact solution, as well as its first- and second-order temporal derivatives, stays

bounded in both time and space.

Theorem 3.1. Given smooth, periodic initial data Φ(x, y, z, t = 0), suppose the unique, smooth,

periodic solution for the NCH equation (1.3) is given by Φ(x, y, t) on Ω for 0 < t 6 T , for some T <∞.

In addition, the following assumption is made for the constant A:

A > 24

7

(
18M4

0

γ0
+ 1

)2

, with M0 = 1 + C∗,

C∗ = max
16j6Nk

(∥Φj
N∥∞ + ∥∂tΦj

N∥∞ + ∥∂2tΦ
j
N∥∞) (3.3)

under a mild time step constraint 24C2ε
4∆t 6 1. Then, provided that ∆t and h are sufficiently small,

under a linear refinement path constraint C1h 6 ∆t 6 C2h, with C being any fixed constant, we have

∥en∥2 6 C(∆t3 + hm), m > 3 (3.4)

for all positive integers n, such that n∆t 6 T , where m corresponds to the spatial regularity index defined

in (3.1), and C > 0 is independent of h and ∆t.

Because of the third-order temporal accuracy, combined with the spectral accuracy in the spatial

approximation, a higher-order consistency analysis is not needed for this numerical scheme. In fact, a

direct substitution of the Fourier projection solution ΦN into the numerical system reveals an (∆t3+hm)

accuracy:

11
6 Φn+1

N − 3Φn
N + 3

2Φ
n−1
N − 1

3Φ
n−2
N

∆t

= ∆N ((Φ̆n+1
N )3 + γ0Φ

n+1
N −A∆t∆N (Φn+1

N − 2Φn
N +Φn−1

N )− ε2J ∗ Φ̆n+1
N ) + τn+1

0 (3.5)

with

Φ̆n+1
N = 3Φn

N − 3Φn−1
N +Φn−2

N , ∥τn+1
0 ∥−1,N 6 C(∆t3 + hm).

Moreover, by the regularity assumption (3.2) for the exact projection solution ΦN , we are able to

obtain the following functional bounds, which are needed in the later convergence analysis:

∥Φj+1
N − Φj

N∥∞ 6 C∗∆t, ∥Φj+1
N − 2Φj

N +Φj−1
N ∥∞ 6 C∗∆t2, n− 2 6 j 6 n, (3.6)

together with

∥Φ̆n+1
N ∥∞ = ∥Φn

N + 2(Φn
N − Φn−1

N )− (Φn−1
N − Φn−2

N )∥∞
6 ∥Φn

N∥∞ + 2∥Φn
N − Φn−1

N ∥∞ + ∥Φn−1
N − Φn−2

N ∥∞

6 C∗ + 3C∗∆t 6 C∗ +
1

2
6M0 (3.7)

and

∥Φn+1
N − Φ̆n+1

N ∥∞ = ∥(Φn+1
N − 2Φn

N +Φn−1
N )− (Φn

N − 2Φn−1
N +Φn−2

N )∥∞
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6 ∥Φn+1
N − 2Φn

N +Φn−1
N ∥∞ + ∥Φn

N − 2Φn−1
N +Φn−2

N ∥∞

6 2C∗∆t2 6 1

4
∆t, (3.8)

provided that ∆t is sufficiently small.

Subsequently, subtracting (2.4) from (3.5) yields

11
6 e

n+1 − 3en + 3
2e

n−1 + 1
3e

n−2

∆t
= ∆N ((Φ̆n+1

N )3 − (ϕ̆n+1)3 + γ0e
n+1 − ε2J ∗ ĕn+1

−A∆t∆N (en+1 − 2en + en−1)) + τn+1
0 , (3.9)

ĕn+1 := 3en − 3en−1 + en−2. (3.10)

To carry out the nonlinear error estimate, we make an ∥·∥2 assumption for the numerical error function

at the previous time steps tn, tn−1 and tn−2:

∥ek∥2 6 ∆t
11
4 + hm−1, k = n, n− 1, n− 2. (3.11)

Remark 3.2. Since the BDF3 is a multi-step scheme, the numerical solutions at the first two steps

ϕ1 and ϕ2 are required to initialize the induction. In this analysis, we assume that these starting values

are computed by a sufficiently accurate one-step method (e.g., the classical fourth-order Runge-Kutta

method), so that the error bounds in (3.11) are satisfied for the base cases k = 0, 1, 2. Using a high-

order initialization ensures that the starting error remains O(∆t3), consistent with the global temporal

accuracy order.

In turn, an application of the inverse inequality implies that

∥ek∥∞ 6 C∥êk∥2
h

3
2

6 C(∆t
5
4 + hm− 5

2 ) 6 1

8
∆t, k = n, n− 1, n− 2,

so that

∥ĕn+1∥∞ = ∥3en − 3en−1 + en−2∥∞ 6 3∥en∥∞ + 3∥en−1∥∞ + ∥en−2∥∞ 6 7

8
∆t 6 ∆t (3.12)

under the linear refinement constraint C1h 6 ∆t 6 C2h. In turn, ∥·∥∞ bound for the numerical solutions

at the previous time steps becomes available

∥ϕk∥∞ = ∥Φk
N − ek∥∞ 6 ∥Φk

N∥∞ + ∥ek∥∞ 6 C∗ +
1

8
∆t 6M0, k = n, n− 1, n− 2,

∥ϕ̆n+1∥∞ = ∥Φ̆n+1
N − ĕn+1∥∞ 6 ∥Φ̆n+1

N ∥∞ + ∥ĕn+1∥∞ 6 C∗ +
1

2
+

7

8
∆t 6 C∗ + 1 =M0, (3.13)

in which the bound (3.7) (for ΦN ) has been applied. In fact, the a priori assumption (3.11) is recovered

in the convergence estimate, as will be demonstrated later.

Since ek = 0 for any k > 0, (−∆N )−1ek has been well-defined. Taking a discrete inner product

with (3.9) by (−∆N )−1(en+1 − en) leads to

1

∆t

⟨
11

6
en+1 − 3en +

3

2
en−1 − 1

3
en−2, en+1 − en

⟩
−1,N

+ γ0⟨en+1, en+1 − en⟩

−A∆t⟨∆N (en+1 − 2en + en−1), en+1 − en⟩ − ε2⟨J ∗ ĕn+1, en+1 − en⟩

= −⟨(Φ̆n+1
N )3 − (ϕ̆n+1)3, en+1 − en⟩+∆t⟨(−∆N )−1(en+1 − en), τn+1

0 ⟩, (3.14)

in which summation by parts formulas have been repeatedly applied. The left-hand side terms can be

analyzed in a similar fashion as in (2.8)–(2.10), as well as (2.11)–(2.14):⟨
11

6
en+1 − 3en +

3

2
en−1 − 1

3
en−2, en+1 − en

⟩
−1,N
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> 13

12
∥en+1 − en∥2−1,N − 7

12
∥en − en−1∥2−1,N − 1

6
∥en−1 − en−2∥2−1,N

+
7

12
∥en+1 − 2en + en−1∥2−1,N , (3.15)

⟨−∆N (en+1 − 2en + en−1), en+1 − en⟩

=
1

2
(∥∇N (en+1 − en)∥22 − ∥∇N (en − en−1)∥22 + ∥∇N (en+1 − 2en + en−1)∥22) (3.16)

and

⟨en+1, en+1 − en⟩ = 1

2
(∥en+1∥22 − ∥en∥22 + ∥en+1 − en∥22). (3.17)

The last term on the left-hand side of (3.14) can be decomposed into the following two parts:

−ε2⟨J ∗ ĕn+1, en+1 − en⟩ = −ε2⟨J ∗ en+1, en+1 − en⟩
+ ε2⟨J ∗ (en+1 − 3en + 3en−1 − en−2), en+1 − en⟩. (3.18)

Thus, the first term can be bounded as

ε2⟨J ∗ en+1, en+1 − en⟩ = −ε2⟨J ∗ en+1,∆N ((−∆N )−1(en+1 − en))⟩

6 12C2ε
4∆t∥en+1∥22 +

1

12∆t
∥en+1 − en∥2−1,N , (3.19)

and the second term is estimated as

ε2⟨J ∗ (en+1 − 3en + 3en−1 − en−2), en+1 − en⟩

> −12C2ε
4∆t∥en+1 − 3en + 3en−1 − en−2∥22 −

1

12∆t
∥en+1 − en∥2−1,N

> −24C2ε
4∆t(∥en+1 − 2en + en−1∥22 + ∥en − 2en−1 + en−2∥22)−

1

12∆t
∥en+1 − en∥2−1,N , (3.20)

we then have

− ε2⟨J ∗ ĕn+1, en+1 − en⟩

> −12C2ε
4∆t∥en+1∥22 −

1

6∆t
∥ϕn+1 − ϕn∥2−1,N

− 24C2ε
4∆t(∥ϕn+1 − 2ϕn + ϕn−1∥22 + ∥ϕn − 2ϕn−1 + ϕn−2∥22). (3.21)

For the nonlinear inner product on the right-hand side of (3.14), we begin with the following nonlinear

expansion:

(Φ̆n+1
N )3 − (ϕ̆n+1)3 = ((Φ̆n+1

N )2 + Φ̆n+1
N ϕ̆n+1 + (ϕ̆n+1)2)ĕn+1

= ((Φ̆n+1
N )2 + Φ̆n+1

N ϕ̆n+1 + (ϕ̆n+1)2)en+1

− ((Φ̆n+1
N )2 + Φ̆n+1

N ϕ̆n+1 + (ϕ̆n+1)2)(en+1 − 3en + 3en−1 − en−2). (3.22)

In terms of the second expansion part, its inner product with en+1 − en has the following upper bound:

⟨((Φ̆n+1
N )2 + Φ̆n+1

N ϕ̆n+1 + (ϕ̆n+1)2)(en+1 − 3en + 3en−1 − en−2), en+1 − en⟩

6 ∥(Φ̆n+1
N )2 + Φ̆n+1

N ϕ̆n+1 + (ϕ̆n+1)2∥∞ · ∥en+1 − 3en + 3en−1 − en−2∥2 · ∥en+1 − en∥2
6 3M2

0 ∥en+1 − 3en + 3en−1 − en−2∥2 · ∥en+1 − en∥2

6 9M4
0

γ0
∥en+1 − 3en + 3en−1 − en−2∥22 +

γ0
4
∥en+1 − en∥22

6 18M4
0

γ0
(∥en+1 − 2en + en−1∥22 + ∥en − 2en−1 + en−2∥22) +

γ0
4
∥en+1 − en∥22, (3.23)
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in which the following ∥ ·∥∞ bound has been applied, which comes from a combination of the preliminary

bound (3.7) and the a priori estimate (3.13):

∥(Φ̆n+1
N )2 + Φ̆n+1

N ϕ̆n+1 + (ϕ̆n+1)2∥∞ 6 3M2
0 . (3.24)

In terms of the first expansion part in (3.22), we observe a transformed representation for the nonlinear

coefficient function:

(Φ̆n+1
N )2 + Φ̆n+1

N ϕ̆n+1 + (ϕ̆n+1)2

= (Φ̆n+1
N )2 + Φ̆n+1

N (Φ̆n+1
N − ĕn+1) + (Φ̆n+1

N − ĕn+1)2

= 3(Φ̆n+1
N )2 − 3Φ̆n+1

N ĕn+1 + (ĕn+1)2

= 3(Φn+1
N )2 − 3(Φn+1

N + Φ̆n+1
N )(Φn+1

N − Φ̆n+1
N )− 3Φ̆n+1

N ĕn+1 + (ĕn+1)2. (3.25)

Meanwhile, for the nonlinear inner product associated with the numerically corrected terms, the following

estimates are available.

We begin by bounding the inner product corresponding to the second term on the right-hand side of

(3.25):

⟨3(Φn+1
N + Φ̆n+1

N )(Φn+1
N − Φ̆n+1

N )en+1, en+1 − en⟩

6 3(∥Φn+1
N ∥∞ + ∥Φ̆n+1

N ∥∞)∥Φn+1
N − Φ̆n+1

N ∥∞ · ∥en+1∥2 · ∥en+1 − en∥2

6 3 · 2M0 ·
1

4
∆t · ∥en+1∥2 · ∥en+1 − en∥2

=
3

2
M0∆t∥en+1∥2 · ∥en+1 − en∥2

6 3M2
0

γ0
∆t2∥en+1∥22 +

γ0
16

∥en+1 − en∥22

6 ∆t∥en+1∥22 +
γ0
16

∥en+1 − en∥22. (3.26)

Proceeding to the third term on the right-hand side of (3.25), we see that

⟨3Φ̆n+1
N ĕn+1en+1, en+1 − en⟩ 6 3∥Φ̆n+1

N ∥∞ · ∥ĕn+1∥∞ · ∥en+1∥2 · ∥en+1 − en∥2
6 3 ·M0 ·∆t · ∥en+1∥2 · ∥en+1 − en∥2
= 3M0∆t∥en+1∥2 · ∥en+1 − en∥2

6 12M2
0

γ0
∆t2∥en+1∥22 +

γ0
16

∥en+1 − en∥22

6 ∆t∥en+1∥22 +
γ0
16

∥en+1 − en∥22. (3.27)

For the last term on the right-hand side of (3.25), we have

⟨−(ĕn+1)2en+1, en+1 − en⟩ 6 ∥ĕn+1∥2∞ · ∥en+1∥2 · ∥en+1 − en∥2

6 ∆t2∥en+1∥2 · ∥en+1 − en∥2 6 4∆t4∥en+1∥22 +
γ0
16

∥en+1 − en∥22

6 ∆t∥en+1∥22 +
γ0
16

∥en+1 − en∥22, (3.28)

in which the preliminary bounds (3.2), (3.7) and (3.8), as well as the a priori estimate (3.12), have been

extensively used in the derivation. Subsequently, a substitution of (3.26)–(3.28) into (3.25) yields

⟨((Φ̆n+1
N )2 + Φ̆n+1

N ϕ̆n+1 + (ϕ̆n+1)2)en+1, en+1⟩

> ⟨3(Φn+1
N )2en+1, en+1 − en⟩ − 3∆t∥en+1∥22 −

3γ0
16

∥en+1 − en∥22. (3.29)
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Furthermore, a combination of (3.23) and (3.29) results in

⟨(Φ̆n+1
N )3 − (ϕ̆n+1)3, en+1 − en⟩

> ⟨3(Φn+1
N )2en+1, en+1 − en⟩ − 3∆t∥en+1∥22 −

7γ0
16

∥en+1 − en∥22

− 18M4
0

γ0
(∥en+1 − 2en + en−1∥22 + ∥en − 2en−1 + en−2∥22). (3.30)

On the other hand, in terms of the primary nonlinear error inner product, the following inequality holds:

⟨3(Φn+1
N )2en+1, en+1 − en⟩ = 3

2
⟨Φn+1

N , (en+1)2 − (en)2 + (en+1 − en)2⟩

> 3

2
⟨(Φn+1

N )2, (en+1)2 − (en)2⟩

=
3

2
(⟨(Φn+1

N )2, (en+1)2⟩ − ⟨(Φn+1
N )2, (en)2⟩). (3.31)

To make this quantity the difference of two recursive terms, we observe the following estimate:

∥(Φn+1
N )2 − (Φn

N )2∥∞ 6 (∥Φn+1
N ∥∞ + ∥Φn

N∥∞)∥Φn+1
N − Φn

N∥∞ 6 2C∗ · C∗∆t = 2(C∗)2∆t (3.32)

and

|⟨(Φn+1
N )2, (en)2⟩ − ⟨(Φn

N )2, (en)2⟩| = |⟨(Φn+1
N )2 − (Φn

N )2, (en)2⟩|
6 ∥(Φn+1

N )2 − (Φn
N )2∥∞ · ∥en∥22

6 2(C∗)2∆t∥en∥22. (3.33)

Going back (3.31), we arrive at

⟨3(Φn+1
N )2en+1, en+1 − en⟩ > 3

2
(⟨(Φn+1

N )2, (en+1)2⟩ − ⟨(Φn
N )2, (en)2⟩)− 2(C∗)2∆t∥en∥22, (3.34)

and its combination with (3.30) leads to the nonlinear error estimate

⟨(Φ̆n+1
N )3 − (ϕ̆n+1)3, en+1 − en⟩

> 3

2
(⟨(Φn+1

N )2, (en+1)2⟩ − ⟨(Φn
N )2, (en)2⟩)− 3∆t∥en+1∥22 − 2(C∗)2∆t∥en∥22

− 7γ0
16

∥en+1 − en∥22 −
18M4

0

γ0
(∥en+1 − 2en + en−1∥22 + ∥en − 2en−1 + en−2∥22). (3.35)

The bound for the right-hand side term of (3.14) associated with the truncation error is straightforward:

⟨(−∆N )−1en+1 − en, τn+1
0 ⟩ 6 ∥en+1 − en∥−1,N · ∥τn+1

0 ∥−1,N

6 1

12∆t
∥en+1 − en∥2−1,N + 3∆t∥τn+1

0 ∥2−1,N . (3.36)

Therefore, a substitution of (3.15)–(3.17), (3.21), (3.35) and (3.36) into (3.14) results in

1

∆t

(
5

6
∥en+1 − en∥2−1,N − 7

12
∥en − en−1∥2−1,N − 1

6
∥en−1 − en−2∥2−1,N

)
+
γ0
2
(∥en+1∥22 − ∥en∥22) +

A∆t

2
(∥∇N (en+1 − en)∥22 − ∥∇N (en − en−1)∥22)

+
3

2
(⟨(Φn+1

N )2, (en+1)2⟩ − ⟨(Φn
N )2, (en)2⟩) + γ0

16
∥ϕn+1 − ϕn∥22

+
7

12∆t
∥en+1 − 2en + en−1∥2−1,N +

A∆t

2
∥∇N (en+1 − 2en + en−1)∥22

6 (3 + 12C2ε
4)∆t∥en+1∥22 + 2(C∗)2∆t∥en∥22 + 3∆t∥τn+1

0 ∥2−1,N

+

(
18M4

0

γ0
+ 24C2ε

4∆t

)
(∥en+1 − 2en + en−1∥22 + ∥en − 2en−1 + en−2∥22).
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A similar estimate can be derived with the help of the Cauchy-Schwarz inequality:

7

12∆t
∥en+1 − 2en + en−1∥2−1,N +

A∆t

2
∥∇N (en+1 − 2en + en−1)∥22

>
(
7

6
A

) 1
2

∥en+1 − 2en + en−1∥22. (3.37)

Subsequently, the following quantity is introduced to facilitate the estimation:

Fn+1 :=
3

2
⟨(Φn+1

N )2, (en+1)2⟩+ γ0
2
∥en+1∥22 +

3

4∆t
∥ϕn+1 − ϕn∥2−1,N

+
1

6∆t
∥ϕn − ϕn−1∥2−1,N +

(
7

24
A

) 1
2

∥ϕn+1 − 2ϕn + ϕn−1∥22

+
A∆t

2
∥∇N (ϕn+1 − ϕn)∥22. (3.38)

Going back (3.37), we arrive at

Fn+1 − Fn 6 (3 + 12C2ε
4)∆t∥en+1∥22 + 2(C∗)2∆t∥en∥22 + 3∆t∥τn+1

0 ∥2−1,N (3.39)

under the constraint (3.3), in which the following bounds have been applied:

24C2ε
4∆t 6 1,

18M4
0

γ0
+ 1 6

(
7

24
A

) 1
2

=
1

2

(
7

6
A

) 1
2

.

Moreover, by an obvious fact that ∥ek∥22 6 2γ−1
0 F k, for any k > 0, we get

Fn+1 − Fn 6 (6 + 24C2ε
4)γ−1

0 ∆tFn+1 + 4(C∗)2γ−1
0 ∆tFn + 3∆t∥τn+1

0 ∥2−1,N . (3.40)

Consequently, an application of the discrete Gronwall inequality leads to the desired convergence estimate

Fn+1 6 Ĉ(∆t6 + h2m), (3.41)

due to the fact that ∥τn+1
0 ∥−1,N 6 C(∆t3 + hm). As a result, it is observed that

∥en+1∥2 6 (2γ−1
0 )

1
2 Ĉ(∆t3 + hm) 6 ∆t

11
4 + hm−1, (3.42)

so that the a priori assumption (3.11) has been recovered at time instant tn+1. In turn, the analysis can

be carried out in an induction style. This completes the error estimate, and the proof of Theorem 3.1 is

complete.

Remark 3.3. It is worth highlighting the choice of the test function (−∆N )−1(en+1 − en) here. A

standard error analysis for Cahn-Hilliard-type equations typically employs the error function itself, i.e.,

(−∆N )−1en+1, to derive an H−1 norm estimate; see the related work [23] for the first-order scheme.

However, even for the second-order accurate (in temporal accuracy order) scheme, such an analytic

approach faces a serious difficulty in the theoretical derivation of the error estimate, due to the lack of

diffusion power in the nonlocal gradient flow model; the related arguments have been presented for the

BDF2 [24] and Crank-Nicolson style [25] algorithms. In terms of the third-order BDF3 scheme, a direct

application of the test function (−∆N )−1en+1 fails in the case of the standard Cahn-Hilliard equation

(with a local diffusion operator), which comes from challenges associated with the long temporal stencil

involving multiple previous time steps; see also the original literature [27] and a few applications to

various gradient flow models [8, 17]. Therefore, for the BDF3 scheme applied to the nonlocal Cahn-

Hilliard equation, the test function (−∆N )−1(en+1 − en) is the appropriate choice. By adopting the

discrete temporal derivative as the test function, we effectively follow the energy stability analysis of the

scheme. This approach utilizes the gradient flow structure, allowing us to construct a modified energy

functional for the error.
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As proved in Proposition 2.3, the energy stability for the numerical scheme (2.4) is valid under the

condition (2.6). In fact, the ∥ · ∥∞ bound (3.13) for the numerical solution ϕ̆n+1 = 3ϕn− 3ϕn−1+ϕn−2 is

available. In addition, the convergence analysis reveals that, such an ∥·∥∞ bound (3.13) for the numerical

solution ϕn+1 also holds:

∥en+1∥∞ 6 C∥en+1∥2
h

3
2

6 CĈ(∆t
5
4 + hm− 5

2 ) 6 1

8
∆t 6 1,

so that

∥ϕn+1∥∞ = ∥Φn+1
N − en+1∥∞ 6 ∥Φn+1

N ∥∞ + ∥en+1∥∞ 6 C∗ + 1 =M0. (3.43)

In more detail, we observe that (3.3) is a stronger constraint (for A) than (2.6). The following corollary

provides a theoretical justification of the energy stability.

Corollary 3.4. Under the assumptions of Theorem 3.1, the modified energy stability, i.e., ẼN (ϕn+1, ϕn,

ϕn−1) 6 ẼN (ϕn, ϕn−1, ϕn−2), is valid under the constraint (3.3) for the regularization parameter A,

combined with a trivial constraint for ∆t : 24C2ε
4∆t 6 min(1, γ0).

4 The numerical experiment results

In this section, we present several numerical experiments using the proposed stabilized BDF3 scheme

(2.4) to solve the NCH equation (1.3). Following the reference example in [9], we employ a family of

Gaussian-type kernels parameterized by a positive constant δ, defined as follows:

J(x) =
4

πd/2δd+2
e−|x|2/δ2 , x ∈ Rd, δ > 0. (4.1)

As the parameter δ approaches zero, the nonlocal Cahn-Hilliard model with this Gaussian kernel converges

to the classical Cahn-Hilliard model. This convergence occurs because, for any ϕ ∈ C∞(Ω) and for any

x ∈ Ω, we obtain Lϕ(x) → −∆ϕ(x) as δ → 0. Furthermore, it is worth noting that the steady-state

solution of the nonlocal Cahn-Hilliard equation is continuous when δ 6 2ε.

Remark 4.1. In this work, the Gaussian kernel is selected primarily for its smoothness, which is

suitable for the Fourier pseudo-spectral spatial discretization. It is noticed that the proposed BDF3 time-

stepping scheme is general, and the theoretical analysis can be extended to other gradient flow models

with smooth convolution kernels. On the other hand, it is noticed that a singular convolution kernel (such

as the one associated with the regular Laplacian operator) usually leads to a stronger diffusion power and

much sharper regularity for the PDE solution, and the corresponding numerical design and numerical

analysis can follow the ones for the standard Cahn-Hilliard equation. This work is primarily focused on

a smooth convolution kernel, where the lack of diffusion power and higher-order Sobolev estimates make

the corresponding analysis much more challenging. If a singular convolution kernel is considered, a more

appropriate approach would be following the framework of the standard Cahn-Hilliard equation, in terms

of numerical design and analysis.

4.1 Convergence rate in time

In this example, we conduct a numerical convergence analysis for the stabilized BDF3 scheme on the

periodic domain Ω = (−1, 1)2. The initial condition is given by

ϕ0(x, y) = 0.5 sin(πx) sin(πy) + 0.1.

We use the kernel function described in (4.1) with two different parameters: ε2 = 0.1 and ε2 = 0.01. For

each ε, three corresponding kernel parameters, i.e., δ2 ∈ {ε2, 2ε2, 3ε2}, are considered. The stabilization

constant is taken as A = 10. Numerical solutions are computed at the final time t = 0.1.

The Fourier spectral collocation discretization over 1024× 1024 uniform mesh is taken, which ensures

that spatial errors are negligible compared to temporal ones. We perform temporal refinement studies
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with a sequence of time step sizes ∆t = 2−k∆0 for k = 1, 2, . . . , 8, where ∆0 = 0.005 is the base time

step. The solution obtained with the smallest time step ∆t = 2−8∆0/5 is used as the reference solution

to measure numerical errors. Figure 1 displays the discrete ℓ2 errors in terms of temporal step size

for different values of ε and δ. The error profiles clearly indicate the expected third-order temporal

convergence rates.

Finally, we investigate the sensitivity of the numerical accuracy and convergence order with respect to

the stabilization parameter A. While the theoretical analysis requires a sufficiently large A for stability,

it is crucial to verify that the parameter choice does not reduce the temporal accuracy order. We conduct

the convergence test with ϵ2 = δ2 = 0.1, using varying stabilization parameter values of 2, 5, 10, 20 and 50.

Figure 1(c) displays the ℓ2 error curves for these computations. The results indicate that the third-order

convergence rate is generally preserved across the tested values. It is observed that increasing A leads to a

slight increase in the error magnitude due to the larger artificial diffusion introduced by the regularization

term. Conversely, while A = 2 yields the smallest numerical error, the convergence curve exhibits a slight

irregularity, implying that the stabilization might be marginally insufficient. This demonstrates that the

scheme is numerically robust, and a moderate parameter value (e.g., A = 5 or A = 10) offers an optimal

balance between stability and accuracy.

4.2 Simulation results of the coarsening dynamics

Numerical simulations are conducted over a square domain Ω = (−2π, 2π)2 with periodic boundary

conditions to study phase separation dynamics. The initial condition consists of random perturbations

uniformly distributed in the range of [−0.1, 0.1] at each grid point over a uniform spatial mesh. A two-

stage time-stepping distribution approach is adopted, where ∆t = 0.0005 for t ∈ [0, 1000) and ∆t = 0.01

for t ∈ [1000, 10000), with a stabilization parameter A = 5.

Figure 1 (Color online) Temporal convergence test of the stabilized BDF3 scheme
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Case 1 (Fixed δ and varying ε). With δ = 0.05 and spatial resolution N = 256, simulations are

performed for a sequence of ε values, from 0.08 to 0.04. Figure 2 shows the snapshot plots of the numerical

solution with ε = 0.04, at selected time instants t = 1, 3, 10, 100, 400, 5000. The system transitions rapidly

from disordered initial states to ordered patterns, and reaches a steady configuration near t = 5000. The

energy evolution curves for ε = 0.08, 0.06, 0.04 in Figure 3(a) align closely with the theoretical t−1/3

scaling law [9], as demonstrated by a direct comparison with the reference line Ct−1/3. It is noticed that

the energy profiles plotted in Figure 3 correspond to the original discrete free energy EN defined in (1.1).

Case 2 (Fixed ε and varying δ). With a fixed ε = 0.09, the parameter δ2 is increased from ε2 to

3ε2. Figure 3(b) plots the corresponding energy decay profiles. The numerical results have consistently

indicate the theoretical t−1/3 energy decay rate across all tested values of δ.

4.3 Simulation for the case of γ0 < 0

In this subsection, we present a numerical example, where the diffusivity condition (1.4) is violated. As

discussed in Section 2, the condition γ0 > 0 is required for the well-posedness of the NCH equation.

Figure 2 (Color online) Snapshot plots are taken at t = 1, 3, 10, 100, 200, 5000, with ε = δ = 0.09 in the coarsening

process simulation. The vertical colorbar on the right represents the order parameter ϕ, where the numerical scale ranges

from 0 to 1.

Figure 3 (Color online) Original energy evolutions for (a) Case 1 with δ = 0.05 and (b) Case 2 with ε = 0.09
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Figure 4 (Color online) Snapshot plots are taken at t = 2, 20, 200 with ε = 0.04, δ = 0.08 in the coarsening process

simulation. The vertical colorbar on the right represents the order parameter ϕ, where the numerical scale ranges from 0

to 1.

To investigate the solution behavior when this condition fails, we set the same initial and boundary

conditions as in Subsection 4.2 with ϵ = 0.04 and δ = 0.08. This choice implies that γ0 < 0. Figure 4

displays the numerical solution snapshots at t = 2, 20, 200. Unlike the smooth phase transitions observed

in the previous examples, the solution here exhibits clear singular behaviors, characterized by sharp, non-

smooth interfaces. This result numerically confirms that the condition (1.4) is essential for maintaining

the regularity of the solution.

5 Some concluding remarks

In this paper, we propose and analyze a third-order (in time) stabilized numerical scheme for the nonlocal

Cahn-Hilliard equation, with the Fourier pseudo-spectral spatial discretization. The BDF3 is used as

temporal discretization, combined with an explicit extrapolation for both the nonlinear term and the

convolution part, as well as a third-order accurate Douglas-Dupont regularization. In particular, the

expansive concave term is combined with the constant multiple part in the nonlocal diffusion operator

expansion part, and the standard BDF3 temporal discretization is applied to this combined term. A

careful energy estimate gives a rough dissipation analysis in terms of a modified energy functional, in

which a lower bound of the artificial regularization parameter is derived in terms of a maximum norm

assumption of the numerical solution. In addition, the convergence analysis and error estimate turns

out to be necessary to recover this functional bound, with the help of an alternate numerical error test

function, in the form of a discrete temporal derivative. This in turn justifies the modified energy stability

result, with the induction style analysis accomplished. A few computational results are presented to

verify the theoretical analysis and the robustness of the proposed numerical method.
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