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Abstract The primary challenge in designing a third-order energy-stable numerical method for the nonlocal
Cahn-Hilliard equation is associated with handling the expansive concave term. We overcome this difficulty by
combining it with the constant L2 diffusion term under the diffusivity condition and employing an implicit
treatment to ensure a theoretical stability analysis. In this paper, we propose and analyze a third-order
accurate in time, linear stabilized numerical scheme for the nonlocal Cahn-Hilliard equation. A linearized
backward differentiation formula (third-order backward differentiation formula) temporal discretization is
applied, combined with the Fourier pseudo-spectral spatial discretization. The nonlinear term is approximated
by an explicit extrapolation, and a third-order accurate Douglas-Dupont regularization term is added in the
numerical system. With the help of this artificial regularization, a rough energy stability analysis is derived, in
which a lower bound of the regularization parameter is required, dependent on the maximum norm bound of
the numerical solution. The convergence analysis and error estimates are conducted, and an application of the
inverse inequality recovers this functional bound. A novel test function for the error equation is taken in the
form of a discrete temporal derivative, and such a test function plays a crucial role in the optimal convergence
rate. Some numerical experiments, including both the convergence tests and simulation results of long-time

coarsening process, are presented to demonstrate the robustness of the proposed third-order method.
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1 Introduction

The nonlocal Cahn-Hilliard (NCH) equation has attracted increasing attention in various areas, ranging
from chemistry and material science to finance and image processing. Over Q = Hle(in,Xi), a
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rectangular domain in R¢, such a mathematical model is the H~! gradient flow with respect to the
following free energy functional, in which nonlocal interaction effects play an essential role [1-5]:

1 2

v = [ (Jo- 500+ T [ I@ - w)ola) - olw) dy ). (1)

where € > 0 is an interfacial parameter. In more detail, the kernel function J is required to satisfy the
following conditions [9,23]:

(a) J(x) > 0 for any x € Q;

(b) J is integrable in Q and [, J(x)dx > 0;

(c) J is even, i.e., J(x) = J(—z) for any = € R,

(d) J is Q-periodic;

(e) & [y J(z)|@|>de =1 (a finite second moment).
Subsequently, a nonlocal linear operator is defined as follows, based on the nonlocal free energy:

£ () o /Q J(@ — y)((@) — $(y))dy, so that Lop = (J  1jip — J x4

with

(7xv)@) = [

J(x —y)Y(y)dy = / J(y)v(x —y)dy (a periodic convolution).
Q

Q

Meanwhile, a direct calculation gives an equivalent form of the free energy (1.1) as

B) = [ Foa+ 5 (Eo.00, FO) = 164~ 56 12)

As a result, the associated NCH equation is formulated as the H ! gradient flow:
b= A, = 0,E($) = 6* — ¢+ Lo = 6 — ¢+ X(J+ 1)6 — J + ). (1.3)
Moreover, the following diffusivity condition is imposed to enforce the well-posedness of the NCH equation:
Yo :=e2(J 1) — 1> 0. (1.4)

Without this condition, the solution may exhibit some singular behaviors; see the related partial
differential equation (PDF) analysis studies [3,4,6,12,18].

There have been extensive numerical studies of the NCH equation in recent years [2,5,10,11,31,33,34].
For any gradient flow equation, the free energy dissipation induced by the energetic variational formulation
has always been a central issue in any numerical study. Several different approaches have been reported
to preserve such an energy stability. Based on the convex-concave decomposition of the free energy (1.1),
the convex splitting idea was applied to the NCH equation, and both the first- and second-order accurate
numerical schemes have been analyzed in detail [14-16]. One special feature of the convex splitting
approach is its implicit treatment of the nonlinear term, which comes from the convexity of the nonlinear
energy part.

Because of the numerical challenges in the implementation of a nonlinearly implicit algorithm, the
linearized and energy stable numerical scheme becomes more and more popular. In particular, the
stabilized numerical approach, which treats the highest-order diffusion term implicitly while updating
the nonlinear and concave terms explicitly, combined with an artificial regularization term, turns out
to be a natural choice. For the standard local Cahn-Hilliard equation, the stabilized linear numerical
schemes have been analyzed in detail [19-21,29], in both the first and second accuracy orders (in time).
In terms of the NCH equation, two stabilized linear semi-implicit schemes were proposed in [9], following
a similar numerical design. In such a framework, a maximum norm bound of the numerical solution needs
to be derived, so that a lower bound for the artificial regularization parameter enforces the energy stability
at a theoretical level. If the standard local CH equation is considered, such a maximum norm bound can
be established with the help of the surface diffusion; the related theoretical techniques have been reported
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in [19-21]. Meanwhile, if the diffusion operator is replaced by a nonlocal version (as given by (1.3)), a
global-in-time maximum norm bound would face a serious theoretical difficulty, due to the fact that the
nonlocal diffusion term only corresponds to an L? regularity, in comparison with the H' regularity of the
local diffusion operator. Instead, a local-in-time convergence analysis has to be performed, and the inverse
inequality is needed to establish the corresponding energy stability estimate for the NCH equation; see
the detailed analysis in [23-25]. Moreover, to further improve computational efficiency, various high-order
time-stepping approaches have been developed for the Cahn-Hilliard equation [22, 26, 30].

On the other hand, all the existing stabilized linear numerical schemes have been only in the first or
second temporal accuracy orders, for both the local and nonlocal CH models. In this paper, we propose
a third-order accurate in time, stabilized linear scheme for the NCH equation, and theoretically establish
the energy stability and convergence analysis. The temporal discretization is based on the third-order
backward differentiation formula (BDF3) method. In the chemical potential expansion, the nonlinear
term is approximated by a third-order accurate explicit extrapolation formula, following the stabilization
idea. Meanwhile, the primary challenge in the numerical design of a third-order accurate and energy
stable method is focused on the expansive concave term. If such a term is also approximated by an
explicit extrapolation formula, a theoretical justification of the energy stability would face a serious
difficulty, due to its long stencil nature. To overcome this difficulty, we combine the expansive concave
term and the constant L? term in the diffusion part, and make use of the diffusivity condition (1.4). In
turn, an implicit treatment is applied to such a combined constant multiple term, which plays an essential
role in the theoretical analysis. Meanwhile, the explicit extrapolation becomes a natural choice for the
convolution term, for the sake of unique solvability. Due to the smoothness of the convolution kernel
function, the additional numerical dissipation in the temporal derivative term is able to balance such an
explicit extrapolation in the energy stability analysis. Moreover, a third-order artificial regularization
term, in the form of AAN (¢ — 2¢™ + ¢"~1), is added to the numerical method to ensure an energy
stability analysis.

With a careful estimate in the discrete H ! space, the energy stability of the proposed scheme can be
derived, in terms of a modified energy, composed of the original energy functional and a few numerical
correction terms. In more detail, such a modified energy stability analysis is associated with a lower
bound for the artificial regularization parameter, dependent on the maximum norm of the numerical
solution at the current and previous time steps, as well as the next time step. Meanwhile, a global-in-
time £°° bound of the numerical solution is not theoretically available, due to the lack of regularity for the
nonlocal diffusion part. To overcome this difficulty, we perform an optimal rate convergence analysis of the
stabilized third-order BDF3 scheme, and an application of the inverse inequality is applied to justify this
£%° bound. Thanks to the third-order accuracy in time, a higher-order asymptotic consistency analysis
is not needed in the error estimate, which comes from the fact that the leading order truncation error is
able to recover the maximum norm bound of the numerical solution. Because of the long temporal stencil
in the BDF3 discretization, a standard H~! error analysis would not be able to bring the desired result.
Instead, an alternate test function, in the form of the discrete temporal difference between the numerical
errors, is taken in the H~! space, in comparison with the standard H~! error estimate reported in [23]
for the first-order scheme. Such a theoretical approach would provide a temporal difference between two
associated error energy norms, and the convexity of the nonlinear terms also plays an important role.
Subsequently, by making use of the derived convergence estimate, a uniform ¢°° bound of the numerical
solution becomes available, with the help of the inverse inequality. Therefore, the a priori assumption
is recovered, so that the lower bound is derived for the stabilization constant for the energy stability
analysis.

The rest of this paper is organized as follows. In Section 2, the stabilized BDF3 scheme is proposed,
combined with the Fourier pseudo-spectral spatial discretization, and a modified energy stability is
derived, under an £°° bound assumption of the numerical solution. Subsequently, the convergence analysis
and error estimates are provided in Section 3. In Section 4, some numerical results are presented to
demonstrate the robustness and high-order accuracy of the proposed numerical scheme. Finally, some
concluding remarks are given in Section 5.
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2 The numerical scheme and the energy stability analysis

2.1 Fourier pseudo-spectral spatial approximation

The two-dimensional (2-D) Fourier spectral collocation discretization is considered; an extension to the
three-dimensional (3-D) case turns out to be straightforward. Let N, and N, denote two integer numbers,
and let the N, x N, mesh Qy, of the domain Q= (—X,X)x(-Y,Y) become (z;,y;) with x; = —X +ihy,
y; = =Y + jhy, 1 <i < N, 1 <j <N, where h, = 2X/N, and h, = 2Y/N, are the uniform mesh
sizes in each direction. For s1mp11c1ty of presentation, we take h = max{h, h,}, and the following index
sets are introduced:

Sh={(i,j) €Z* |1 <i < Ny, 1<j <N},

~ N, N, N, N,
S, = k.l 72| - =% 7Y < ¥y
h {(7)6 ) 97 2 2

In turn, all periodic grid functions on §2;, are defined as
My ={f:Q = R fizmn,, jinn, = fij for any (i,j) € S, and (m,n) € 7*}.

For any two periodic grid functions f,g € Mj, and f = (f%, )T, g = (¢*, 9%)T € M}, x My, the discrete
¢% inner product (-, ), discrete £ norm || - ||2, discrete £2 norm | - ||, and discrete ¢> norm || - ||e can be
defined as follows:

< —h h Z fl_]gljv fg>:hxhy Z (.filj'gz'lj+f gz])

(,9)€Sh (i,4)€Sh
[fll2 =V £ fll2 = VA{F )
[flloo = s lfisl, I fllee = ey |f512 + 1512,

11l = (UF1P )7, £l = (1P, 1)7, 1< p < +oo.

Meanwhile, for any f € My, we introduce f := IQ\ (f,1) as the mean value of f. In particular, all the

grid functions in M, with mean zero are defined as M = {f € M, | (f,1) = 0}.
For any f € My, the 2-D discrete Fourier transform f = PJf is defined as [28, 32]

£ km A ~
fu= 3 fiep ( i~ i ) exp (— lyyj>7 (k,1) € Sh. (2.1)
(4,3)€Sh
Conversely, f can be reconstructed through the corresponding inverse transform f = P~! f :
km A -
fij = N.N, N ( )Z Fr exp( ~% )exp <1ij), (,7) € Sh. (2.2)
k,1)ES),

Let M\h ={Pf|f e Mj}. The operators lA)w and ﬁy on M\h are defined as

~ kmi\ 2 ~ 4 i 5
(Do flr = <X>fkl7 (Dy [ = ( )fkh (k1) € Sh.
In turn, the Fourier pseudo-spectral approximations to the first and second spatial derivatives become
D,=P'D,P, D,=P'D,P, D;=P'D.P, D;=P 'D.P.

Similarly, for any f € My, and f = (f!, f2)T € Mj, x My, the discrete gradient, divergence and Laplacian
operators are represented at a component-wise level:

D, f
D,f

The following summation by parts formulas are cited from existing studies.

VNf< >’ VN‘f:sz1+Dyf2> ANf:Dﬂzﬂf+D121f
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Lemma 2.1 (See [13,23-25]). (i) For any f,g € My, and g € My, x My, we have

(,Vn-9)=—(Vnf,9), (f,Ang)=—(Vnf,Vng) = (AN[ 9).

(ii) The inversion of —Ay exists on MY and (—Ay)~! is self-adjoint and positive definite.

Since (—Apy)7!f is well-defined for any f € MY, the discrete H ! inner product and the || - |_1 n
norm are defined as

<fag>71,N = <f7 (_AN)_19> = <(_AN)_1fag>7 ||f||—1,N = <fv f>*1,N7 vag € M?z

In terms of the discrete convolution definition, the following kernel function set is considered:
Kn={: QU = R | Yitmn, . j4nn, = Y for any (i,5) € Sy and (m,n) € Z°}.

A discrete transform and its inverse of ¢ € K, can be similarly defined as (2.1) and (2.2). The discrete
convolution ¥ ® f € My, for any ¢ € K, and f € My, is defined by

(1/J®f)1j = hxhy Z d}i—m,j—nfmny (Zvj) € Sh-

(m,n)eSy
The following preliminary estimate is needed in the convergence analysis, and its detailed proof can be
found in [23].
Lemma 2.2 (See [23]).  Suppose J € C,.(Q) and denote its grid restriction by J;; := J(x;,y;). Then

per

for any ¢, € My, and any o > 0, we have

C
(7@, An)| < allgllf + Vw3, (23)

where Cy is a positive constant that depends on J and Q, but is independent of h, and h,.

Given an integrable kernel J satisfying the assumptions (a)—(e), the discrete form of the nonlocal
operator £ becomes

Lnf=JONf-I®f, €M
It is clear that £y commutes with —A  and is self-adjoint and positive semi-definite. On the other hand,

a discrete version of the energy (1.2) is defined as

82

En(v) = (F(v),1) + §<£Nv,v>7 v E M.
For simplicity, we still use *, instead of (), to denote the discrete convolutions in the following analysis.
2.2 The stabilized BDF3 discrete scheme

The following third-order accurate in time, stabilized BDF scheme is proposed: given ¢", ¢"~ 1, ¢"~2 €
MY, find ¢! € MY that satisfies

%¢n+1 _ 3¢n + %(bn—l _ %¢n—2
At
= AN((@"T1)? — AALAN (" — 20" + ") + 400" — 2T % T (2.4)

with ¢t = 3¢™ — 3¢" 1 4 ¢n 2,

Of course, the unique solvability of this numerical method is obvious, based on the fact that only a
linear and positive-definite operator, i.e., % — AN + AAtA%, is involved in the implicit part. In
fact, the spatial interpolation of the Fourier basis functions forms a complete basis of all the eigenvectors
of this linear operator, and all the eigenvalues can be exactly computed. In turn, such a linear system
can be exactly solved via a fast Fourier transform-based implementation, which turns out to be highly
efficient.
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2.3 A modified energy stability analysis

A modified energy stability estimate is stated in the following proposition.

Proposition 2.3.  For the proposed BDF3 numerical scheme (2.4), a modified energy dissipation
property holds:

EN(¢H+17¢TL7¢71—1) < EN(¢H7¢TL_1’¢”_2)7 (25)

where

_ 3 1

n+1 n n—1y .__ n+1 v n+l _ nj2 - n _ gn—12
En (6,67, 6"1) i= En(o™) + o l6™ = 6712y + o 67— 6"y
1
7 2 _ AAt " "
+(g4) ot - 20+ o+ 2 TN (0 - B
provided that the following constraints are valid:
24( 9 ?
> = (27(||3¢" =3¢+ o™ 2|12 + [l T2 + 1) , 24Coe* At < min(1, o). (2.6)
0

Proof.  Taking a discrete inner product with (2.4) by (—Ax)~}(¢" ! — ¢") leads to

1 <11 . 3t oo
(e 3"+ Sen T - 2o g g
At\ 6 2 3 e

— AAHAN (@™ = 20" + 6" 1), 9" — @) + q0(@" T, 0" - 9™)

— _<(¢z’n+1)3’¢n+1 _ ¢n> + €2<J * q‘gn+1,¢n+1 _ ¢n>, (27)
in which summation by parts formulas have been repeatedly applied. For the left-hand side term
associated with the BDF3 temporal stencil, we make use of the following equivalent form:

1

- n—=2
39

7
(6741 = ") + (6" — 29" 4 ") 4 2 (97 — 6.

11 3

T oan+l n Yo n—1_
9" 36" + 2o
_2
3

This in turn gives the following estimate:

11 3 1
o an+l 3" Yn—=1_ = m—2 n+l __ n
(G —smgot—gotgtogn)
S L i
= —1,N —1,N —1,N
3 6 6
7 T T n n— n T n—
+ E(W PNy —le" =" P+ " = 20" + 0" 2 N)
13 n n 7 n n— 1 n— n—
= EH(b g ||2—1,N - EHQS -0 1||31,N - 6”¢ T—¢ 2|‘%1,N
7 _
+ EH(ZW—H — 29" + o™ 1||%1,N' (2.8)

For the artificial regularization term, the following identity holds:

<_AN(¢n+1 _ 2¢n +¢n—1)7¢n+1 _ ¢n>
= (Vn (o™ = 29" +¢" 1), V(o™ = ¢™))

= SUVN (™ = 6B~ V(8" — 6" B+ IVn ("™ 26" + 6" DIE). (29)

The standard triangular equality can be applied to the linear term on the left-hand side

1

(gt 9m = ¢m) = S ("5 — ™15 + o™ = "[13). (2.10)
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Regarding the nonlocal diffusion term on the right-hand side, we begin with a rewritten form
—e2 (oM @M = g7 =~ (T g M — )
+ (T x (" = 30" + 30" — ¢ 7), "M — ")
= (LT ) = (@7, 4 87 + (T (7 = g7, 67— )
PRI 4 (7 = 367 4 3671 — gnR), g ) (2.11)
For the additional term £2(J * (¢" 1 — ¢™), "1 — ¢™), we apply (2.3) in Lemma 2.2 and get
(T x (0" = "), 0" — ")
= —*(J# (¢"" = ¢"), An((AN)TH(¢" T = 9™))
< 6Co A" = "3+ | T (—An) T - oM
< 6Co Al — "3 + 97 — 92 (212)

Another additional term, e2(.J % (¢! — 3¢™ + 3¢p" "1 — ¢ 72), "1 — ¢™), can be analyzed in a similar
way:
A G L N
_ —52<J % (¢n+1 o 3¢)n + 3¢n71 o (,bniz),AN((*AN)il((anrl o ¢n))>

1
> 1205 At[| " — 36" + 30" — 6" 2|2 — ——— "t — "2 N
12At ’
_ n n— n— 1 n n
> —24Coe A" = 26" + 6" B + 167 — 26771 + 9" 23) - 6T = 62y (213)

As a result, a combination of (2.11)—(2.13) yields
_ 52<J>|< J)n+l’¢)n+1 _ ¢n>
> (LT ) — (67T 7)) — o g
-2 ’ ’ 6At LN
_ Coet AL — 73 + 24)¢n T — 27 + ¢n 3 4 2467 — 267 4 672 R). (2.14)
In terms of the nonlinear inner product, we begin with the following decomposition:
(¢"H)? = (") = —((§"T1)? + 9" T1gm 4 (0" H)) (0" — 39" + 39" — " 7P), (215)

where the identity ¢"t! —¢ntt = —(¢m+ —3¢" +3¢" ! — ¢™~2) has been applied. In turn, the following
estimate can be derived:

((@"F1)3 — (¢"T1)%, " — o™)
> [+ 6" 4 (6712 oo [[7T = 36" + 3¢ — "2l (|67 — 672
3 o
> =S (1™ % + 167 HZ) - 1o+t = 3™ + 3¢ = 6" 22 67 — 012

9 In n n n n— n— ’YO n n
> = o9+ 17 R 6 = 397 + 397 = n 2 = g — g

9 in n n n n— n e n
> =5 (6" % + I8 %) l0 = 26" 4+ 675 + 87 — 2677+ 672 )

Y0 n n
= Lot — g3, (216)

On the other hand, the convexity of ||#||7 (in terms of ¢) implies the following inequality:

—_

(@), 6" — 6™ > 216" 4~ 6 1), (217)

4
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and its combination with (2.16) leads to

o 1
(G, = 67 > (I = 971D — 2ot — g3
9 o
= g (18 + o2 (6~ 267 + 677
+lg" 26"+ 67 23). (218)

Finally, a substitution of (2.8)—(2.10), (2.14) and (2.18) into (2.7) yields

1 11 n n 7 n n— 1 n— n—
(e = "1 = g™ = 6" = 0 = 6212 )

At\1
n+1 n AAt n+1 n\|12 n n—1y\(2

+EN(¢"T) — En(9 )+T(||VN(¢ ="z = IVN(9" =" )l3)

7 n+l n n—1)2 AAt n+l n n—1\1(2
+ 712At”¢ 20" + " 2y N+ 5 VN (o 20" +¢" )3

9 7 — n n— n—
- (2%((15”“@0 + 6" I%)? + 240264At) (" = 20" + "5 + 10" — 20" + 0" 3)
+ (10 — 36’254At) ¢+ — ¢™||5 < 0. (2.19)

Meanwhile, a careful application of the Cauchy inequality indicates that

7 n+1 n n—12 AAt n+1 n n—1y1(2
Sl = 26"+ R+ S TN (6~ 267 + ")

1
7 2 n n n—
> (24) horet 20+ 08 (2.20)
In turn, its substitution into (2.19) leads to a modified energy dissipation

n - n n o on— n— 1 n n n n
By (@407, 07 = B (0",6" 10" )+ o 07 — 972+ 2ot —grE <o (221)
under the constraint (2.6), to which the following bounds have been applied:

UCHEAAL <1, 3ChetAt < %,

1 1
9 tnt1y2 nt12 \2 7 2 1/7 \?2
- —+ +1< | — = —| = .

This completes the proof of Proposition 2.3. O

Remark 2.4. There have been a few existing studies of the BDF3 schemes for various gradient flows
with the standard local diffusion process [8,17], and the associated energy stability and convergence
analysis have been reported as well. Meanwhile, it is noticed that an implicit treatment for the nonlinear
term is adopted in [8] to deal with the standard local Cahn-Hilliard equation, so that the artificial
regularization parameter requirement turns out to be simpler than (2.6) stated in Proposition 2.3. In
addition, the theoretical analysis for the NCH equation is much more challenging than that for the local
gradient flows, which comes from the lack of diffusion regularity in the nonlocal model.

Remark 2.5. It is natural to inquire about an extension of this framework to even higher-order
methods, such as the BDF4. While higher-order accuracy can be achieved via multi-step formulas, such
as the exponential time differencing (ETD) schemes for the no-slope-selection model in [7], extending the
current BDF theoretical analysis would face fundamental challenges. Specifically, the energy stability
analysis for higher-order multi-step schemes consistently relies on a modified energy functional. In
terms of the BDF4 algorithm, although it is G-stable, constructing such a modified energy functional
to absorb the explicit extrapolation of the nonlinear term turns out to be algebraically complex, as the
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decomposition identity becomes significantly more complicated. Furthermore, the stability region of the
BDF4 is narrower than that of the BDF3, which would likely necessitate a much larger stabilization
parameter A or stricter time-step constraint to enforce the modified energy dissipation.

Remark 2.6. As always in the stabilization numerical analysis, the constraint (2.6) depends on the
maximum norm bound of the numerical solution at the next time step, as well as those at the current
and previous time steps. Meanwhile, a direct || - ||oo estimate of the numerical solution is not theoretically
available, so this proposition does not provide a closed mathematical analysis of the energy stability.
As a result, the maximum norm bound of the numerical solution has to be derived to recover such a
theoretical analysis. For the standard local Cahn-Hilliard equation, the || - ||oc bound of the numerical
solution can be justified in the usual Sobolev space, with the help of the standard local diffusion operator;
see the related studies [19-21]. On the other hand, since the nonlocal diffusion operator with an integrable
kernel generally acts as a bounded linear operator and lacks the strong regularity to facilitate Sobolev
embeddings, a direct |||« estimate would not be available for the NCH equation. Instead, the convergence
analysis turns out to be necessary to recover such a maximum norm bound. It should be noted that the
lower bound for A in (2.6) serves as a theoretical sufficiency condition and may be conservative in practice.
As shown in Subsection 4.1, the scheme performs robustly with much smaller values of A, suggesting that
a sharper practical bound exists.

In other words, the lower bound of A has to be obtained by deriving the maximum bound of the
numerical solution at the specified time steps. To deal with this challenge, a perturbation analysis turns
to be a more feasible approach. In more detail, the numerical solution has to be treated as a perturbation
of the exact PDE solution for (1.3), and a local-in-time convergence analysis is performed to recover the
maximum norm bound of the numerical solution, with the help of the inverse inequality.

3 The optimal rate convergence analysis and error estimate

A smooth, periodic solution to the NCH equation (1.3), with smooth periodic initial data, is denoted
by ®.

On the other hand, since the NCH equation (1.3) is a mass-conservative gradient flow, we need to
construct a mean-free numerical error function to facilitate the H~! error analysis. To accomplish this,
we introduce @y (-,t) := Py®(-,t), the (spatial) Fourier projection of the exact solution into BX, the

space of trigonometric polynomials of degree up to K, with K = [&]. Subsequently, the following

2
projection approximation becomes standard:

1®n = @[l (0,1:m%) < ChF|[®| oo 0,110y, VO <k <L,

if ® € L*°(0,T; HE,,.(€2)), for some ¢ € N. For simplicity of notation, we define ®% and ®F as O (-, t;)

and ®(-,t;), respectively, with t; = k- At. Based on the fact that ®x € BX, the mass conservative
property is valid at the discrete level:

— 1
@?V— — @N(-,tk)da:

= Oy (tp_1)dx =08 VEkeN.
12 Jo

- ﬁ Q
Meanwhile, the solution of the numerical scheme (2.4) is also mass conservative at the discrete level:

oF =F-1, VkeN.
On the other hand, we define ®%; as the interpolation values of ® at discrete grid points at time instant
th <I>’f\, = Pp®n(-,t*). To avoid an initial inconsistency, we use the mass conservative projection for

the initial data: gb?’j’k = ®n(z4,Yj, 2, t = 0). In turn, the error grid function is defined as

b=k — ok VEk>o0.
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Consequently, it is clear that ek = 0 for any k > 0, so that the discrete norm || - ||_, 5 is well-defined for
the error grid function. In addition, with an initial data with sufficient regularity, we are always able to
assume that the exact solution has regularity of class R:

® € R:=H0,T;C%,) N H30,T;C%,)NL=(0,T;C™2), m=>3. (3.1)

per per per

Here, the integer m denotes the spatial regularity index of the exact solution. As a result, the following
functional bound becomes valid:

P
O — 200, +

max || @ [|cc + max AL

1<GSNE I<ISNE

<C*, (32

i it
H‘I’N — oy
oo

At

which states that the exact solution, as well as its first- and second-order temporal derivatives, stays
bounded in both time and space.

Theorem 3.1.  Given smooth, periodic initial data ®(x,y,z,t = 0), suppose the unique, smooth,
periodic solution for the NCH equation (1.3) is given by ®(z,y,t) on Q for 0 <t < T, for some T < oo.
In addition, the following assumption is made for the constant A:

~T Yo
C* = max (|l + 0: P loo + 107 Py lc) (3.3)

IS

24 (18 M4 2
A>< 0—|—1), withM():l—i-C*,

under a mild time step constraint 24C2e*At < 1. Then, provided that At and h are sufficiently small,
under a linear refinement path constraint C1h < At < Cyh, with C being any fized constant, we have

el < C(AE? +h™), m >3 (3.4)

for all positive integers n, such that n At < T, where m corresponds to the spatial reqularity index defined

in (3.1), and C > 0 is independent of h and At.

Because of the third-order temporal accuracy, combined with the spectral accuracy in the spatial
approximation, a higher-order consistency analysis is not needed for this numerical scheme. In fact, a
direct substitution of the Fourier projection solution ®y into the numerical system reveals an (At3 +h™)
accuracy:

SFORT —30R + Joy ! — 1oy
At
= An((PH)3 4+ 70@0T! — AALAN (BT — 207 + D171 — 27 % DY) 4 7t (3.5)

with
Pl =307 — 300+ 072 |lrp Y| < C(AER 4+ ™).

Moreover, by the regularity assumption (3.2) for the exact projection solution ®y, we are able to
obtain the following functional bounds, which are needed in the later convergence analysis:

[0 — @ [loo < C* AL, |4 — 209 + B oo < C*AE%, n—2<j<n, (3.6)
together with

1PN oo = 0% +2(2% — 2371 — (@3 = 27) [
<P Nloe + 22K — @} oo + 123 — O} loo

1
<C"4+3C*At < C* + 5 < M (3.7)
and

1PN = DR loo = (@R — 20K + ) — (P — 203" + O} 7) [l
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<[ ORT = 20% + DR loo + |0 — 207 + 7P|
1
< 20* A < 14t (3.8)
provided that At is sufficiently small.
Subsequently, subtracting (2.4) from (3.5) yields

11 _n+1 n g 3gn—l lon-2
He +1_ 3¢ —Zfe + 3¢ :AN((&)X{.H);;_($n+1)3+,}/0€n+1_€2J*én+1
— ANtAN (™1 — 2™ 4 1)) 4 7 (3.9)

el i=3e" — 3" e 2 (3.10)

To carry out the nonlinear error estimate, we make an |- ||2 assumption for the numerical error function
at the previous time steps ¢, ! and t"~2:

le¥l2 < AET + 1L k=nn—1n-2. (3.11)

Remark 3.2. Since the BDF3 is a multi-step scheme, the numerical solutions at the first two steps
¢' and ¢? are required to initialize the induction. In this analysis, we assume that these starting values
are computed by a sufficiently accurate one-step method (e.g., the classical fourth-order Runge-Kutta
method), so that the error bounds in (3.11) are satisfied for the base cases k = 0,1,2. Using a high-
order initialization ensures that the starting error remains O(At?), consistent with the global temporal
accuracy order.

In turn, an application of the inverse inequality implies that

Clle* s, 1
||ekHOO < |‘}j§”2 <C(At% +hm_%) < gAt, k:nan_17n_2a
2
so that
7
€+ oo = l13¢" = 3"+ € 2lg < B0 + 3™ oo + "o < SAES AE (312)
under the linear refinement constraint C1h < At < Cah. In turn, |- || bound for the numerical solutions

at the previous time steps becomes available
1
H(kaoo = ”(I)’Jif - ekHoo < ”q)llc\f”oo + Hek”oo <C* + gAt <My, k=nn—-1,n-2
o v o 1 7
67 oo = B3 = & g < B3 o + 7 oo € C" 4+ 5+ ALK CT 4 1= My, (313)

in which the bound (3.7) (for ®,) has been applied. In fact, the a priori assumption (3.11) is recovered
in the convergence estimate, as will be demonstrated later.

Since ek = 0 for any k > 0, (—Ay) ‘e has been well-defined. Taking a discrete inner product
with (3.9) by (—=Ax)~1(e"*! — em) leads to

1 /11 3 1
At<66n+1 —3e™ 4 5en—l o g671—27671-5-1 _ en> —|—’}’0<€n+1,€n+1 o en>
~1,N
_ AAt<AN(en+l — 2™ 4 enfl),enJrl _ en> _ 52<J*é”+176"+1 . en>
= (713 — ("3, e — ™) + AH(—Ay) (e — em), i, (3.14)

in which summation by parts formulas have been repeatedly applied. The left-hand side terms can be
analyzed in a similar fashion as in (2.8)—(2.10), as well as (2.11)—(2.14):

11 3 1
7€n+1 — 3e™ + *6”71 _ *6”72,€n+1 —em
6 2 3 N
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13 7 _ 1 _ _
> Bt —en2y = Lien - et — 2t =R
7
+ ﬁ”@nﬂ —2e" + @n71||2—1,1va

<_AN(en+1 — 2™+ en—l)’en—i-l _ en>

1 n n n n— n n n—
= S(IVa (™ =M = V(e — e D5+ [V (e = 2¢" +e"7)]3)

and

(et et — ) = S(llem I — lle™ |5 + [le™ T — 3.
The last term on the left-hand side of (3.14) can be decomposed into the following two parts:

—e2(Jx et et — ) = —e2(J ke et —en)

+e2(J % (e"Th —3e™ 3" — "7 2) e — ).
Thus, the first term can be bounded as

2(Jxem Tl enth ey = 22 (Jx " AN((—ANn) e —e™)))
1

Sazlle

< 12054 At]le™ )2 + ToAT

mH €n||2—1,1v7

and the second term is estimated as

€2<J " (en+1 — 3e" 4 3€n—1 _ en—2)’en+1 _ en>
1
12At

> —24Co* At (|l — 2™ + e T2+ [len — 2" + e 72|2)

> 1205 At]le" Tt — 3e™ + 3¢ — "2 — S

e

1

_ n+l _ _nj|2
12A¢ el

lle —1,N>

we then have
— X (Jx et et —em)
1
2_120 4At n+1(2 _ n+l _ nj2
e A G — 6 67
— 24 At (|| — 20" + "5 4 [|¢" — 20" + 6" 73).

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

For the nonlinear inner product on the right-hand side of (3.14), we begin with the following nonlinear

expansion:
((i)?v—&-l)?) o (én«kl)?) _ (((IV)?V+1)2 + (IV)%—H(EnJrl + (én+1)2)én+l
(B2 + B 541 4 (e
— (((i)nN+1)2 + i,nNH(En-irl + ((Z;n+1)2)(en+1 —3e" 431 en—Q)_

(3.22)

In terms of the second expansion part, its inner product with e®*! — e” has the following upper bound:

(B2 + BG4+ (F1)2) (e = 3en - 3en L — en2) enH — )

JBE) + BRI (3712 g - et — Bem 4 3L = n 2y et — e

<
< 3M02||en+1 . 36”71 _ eanHQ . ||en+1 _ €n||2

OM§
< Sl =3t et - 4 P ent — o3

18 M
< TO(IIB"+1 —2e" +e" T+ fle" — 2e" T 4" 73) + %IIE”+1 —e"|3,

(3.23)



Huang Q M et al. Sci China Math

13

in which the following || - ||ooc bound has been applied, which comes from a combination of the preliminary
bound (3.7) and the a priori estimate (3.13):

(@R + SR1™ ! + (" )? e < 3MG. (3.24)

In terms of the first expansion part in (3.22), we observe a transformed representation for the nonlinear
coefficient function:

((i)n+1)2 + (i)x;rlén-‘rl

+((Z)n+l)2
= (B BRI (ER e+ (B - et
3(“% ) (I)n+1vn+1+(én+1)2
= 3@ - 3@ + B (03

_ (iy]?*l) i 3¢V)?V+1én+1 + (én+1)2' (325)

Meanwhile, for the nonlinear inner product associated with the numerically corrected terms, the following
estimates are available.

We begin by bounding the inner product corresponding to the second term on the right-hand side of
(3.25):

(@R + B (@R - B ent et

— e”>

B(1PK oo + IR o) 1PRH = DR loc - [l |2 - [l

— "2
1
<3:2Mo - ZAL-[|e" Tz - e — el
3
= S Mot Jz - e — e
3M2
< TOAR e 4 et e 3
7o
< Atfem 3 4+ Bl — e 3, (3.26)
Proceeding to the third term on the right-hand side of (3.25), we see that
(BEYTEHH H  o) < BB e - 7 o - e - 7 — "
<3- M- At [l 2 - [le™ T — el
= 3MoAt]le" 2 - [le" T — €2
12M¢
< BAR I+ ol — e
16
< A15||€”+1||2 16H6"+1 — "3 (3.27)
For the last term on the right-hand side of (3.25), we have
(e e o) < [ -l - et
< ARy - [l — el < 4D+ et — e
< Atfle™ I3 + 16||€”+1 —e"3, (3.28)
in which the preliminary bounds (3.2), (3.7) and (

), as well as the a priori estimate (3.12), have been
extensively used in the derivation. Subsequently, a substitution of (3.26)—(3.28) into (3.25) yields

<(((i)’§bv+1)2 + &)r&—kl(én—o—l + ((Zn+1)2)€n+l, en+1>
3
> (@R e —em) — BAdlen I — T2l — e,

(3.29)
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Furthermore, a combination of (3.23) and (3.29) results in
<(<i)?v+1)3 _ (QUS"H)S,e”H O
> (B(@RT) e = )~ 3 - T et e
— T8 et g e - 26 e 2R) (3.30)
On the other hand, in terms of the primary nonlinear error inner product, the following inequality holds:

_3

<3(®7&+1)2en+176n+1 _ en> <q)r]t]+1, (en+1)2 _ (6”)2 + (e7z+1 _ en)2>

2
> S(@) () - (1))
= DU () — (@) (). (331)

To make this quantity the difference of two recursive terms, we observe the following estimate:
@R = (2F)%lloc < (IPX oo + 1R Nloo) 1K — @R[l <20 - C*AL = 2(C*)*At (3.32)

and

(@K = (@R)*, (e"))]

(@R, (€")?) = ((@R)% (¢")*)] = |
I(@R)? = (@)l - lle” 13

<
< 2(C*)2Atle™]|3. (3.33)
Going back (3.31), we arrive at
n n n n 3 n n n n * n
B@RT)%em et —em) 2 S(((@RT)2 (")) = ((BR)7, (")) — 2(C7)*Atfle™ |3, (3.34)

and its combination with (3.30) leads to the nonlinear error estimate

(@R = (1) et —e)

> g(<(‘1>7v“)2, (")) = ((@R)% (")) — 3Ate™ I3 — 2(C™)* Atfle"3

7 18 M4
— O entt —en 3 - =0

16 (le"h —2e™ +e" 3 + [l — 2e" 71 + " 723). (3.35)

The bound for the right-hand side term of (3.14) associated with the truncation error is straightforward:

(—An)Tre = e g ™) <l = el - g -

1 n n n
S agle” = ey + 38T Ty (3.36)
Therefore, a substitution of (3.15)—(3.17), (3.21), (3.35) and (3.36) into (3.14) results in
1 5 n n 7 n n— 1 n— n—
£ (St = s = e = g = e = e )
o n n AAt n n n n—
+ 5 (3 = lle™l2) + ==V (€™ —eMlz = [IVa(e” — e H3)
3 n n n 7 n n
+ 5 (@R (")) = (@R)% (")) + 5 lle™ " = 6713
7 AAt
n+l n n—12 n+1l _ n n—1\(12
+712At”e 2" +e ||,1’N—|—72 V(e 2e" + e H)|I5

< (3412026 At][e™ |3 + 2(C*)2At|le™ |2 + 3At||7-5l+1||2_17N

18M§ 4 n+1 n n—12 n n—1 n—212
+ 5 + 2405 At | (J|le"™ —2e™ + €™ 5 + |le" — 2" + e E|5)-
0
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A similar estimate can be derived with the help of the Cauchy-Schwarz inequality:

7 +1 —1y2 AAt +1 —1y)2
Sl =2 b e 2, 4 STy - 2en e 3

1
2
> (ZA) len Tt — 2e™ 4 |3 (3.37)

Subsequently, the following quantity is introduced to facilitate the estimation:

3 Yo 3
n+l . Y n+1\2 n+1\2 O n+12 n+l _ nj|2
Pt SU@RL2, () + e 4 et = 6y
1 7 \?
n _ n—1)2 o n+l n n—1(2
# gl = o o+ (5p4) I - 20 4
AAt . .
+ 22 ON (- o) (3.39)

Going back (3.37), we arrive at
FrH— P < (34 1205 Atfle™ 13 + 2(C*)*Atfle™ |3 + 3At g% (3.39)

under the constraint (3.3), in which the following bounds have been applied:

1 1

18 M4 7 \2 1/7 \?

24C5e* At < 1 S 41| —A4) ==(=4) .
2 ’ Yo " (24 ) 2<6 )

Moreover, by an obvious fact that [|e¥||3 < 2v5 ' F*, for any k > 0, we get
FMHU— F™ (64 24C26 )y 'ALF™ T+ 4(C*) %y " ALF™ + 3AL| 75012 N (3.40)
Consequently, an application of the discrete Gronwall inequality leads to the desired convergence estimate
FrHl < O(ALS + ™), (3.41)
due to the fact that |73 |1 x < C(A® + k™). As a result, it is observed that
le" 2 < (296 1) (AL + h™) < ALT 4+ 1™, (3.42)

so that the a priori assumption (3.11) has been recovered at time instant t"*!. In turn, the analysis can
be carried out in an induction style. This completes the error estimate, and the proof of Theorem 3.1 is
complete.

Remark 3.3. It is worth highlighting the choice of the test function (—Ay)~t(e"*! — ") here. A
standard error analysis for Cahn-Hilliard-type equations typically employs the error function itself, i.e.,
(—An)"te"™t to derive an H~! norm estimate; see the related work [23] for the first-order scheme.
However, even for the second-order accurate (in temporal accuracy order) scheme, such an analytic
approach faces a serious difficulty in the theoretical derivation of the error estimate, due to the lack of
diffusion power in the nonlocal gradient flow model; the related arguments have been presented for the
BDF2 [24] and Crank-Nicolson style [25] algorithms. In terms of the third-order BDF3 scheme, a direct
application of the test function (—Apy)~te™*! fails in the case of the standard Cahn-Hilliard equation
(with a local diffusion operator), which comes from challenges associated with the long temporal stencil
involving multiple previous time steps; see also the original literature [27] and a few applications to
various gradient flow models [8,17]. Therefore, for the BDF3 scheme applied to the nonlocal Cahn-
Hilliard equation, the test function (—Ax)~!(e"*! — e") is the appropriate choice. By adopting the
discrete temporal derivative as the test function, we effectively follow the energy stability analysis of the
scheme. This approach utilizes the gradient flow structure, allowing us to construct a modified energy
functional for the error.
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As proved in Proposition 2.3, the energy stability for the numerical scheme (2.4) is valid under the
condition (2.6). In fact, the | - ||oc bound (3.13) for the numerical solution ¢"*+! = 3¢™ —3¢" 1 + ¢ 2 is
available. In addition, the convergence analysis reveals that, such an || || o bound (3.13) for the numerical
solution ¢"*! also holds:

Clle" 2
hi

<Ot i) < tar<

el < -

so that
67 oo = 15 = €™ ow < @5 o + [l oo < €+ 1 = M. (343

In more detail, we observe that (3.3) is a stronger constraint (for A) than (2.6). The following corollary
provides a theoretical justification of the energy stability.

Corollary 3.4.  Under the assumptions of Theorem 3.1, the modified energy stability, i.e., EN(¢"+1, ",
¢" 1) < En(¢", 9" L, ¢"2), is valid under the constraint (3.3) for the regularization parameter A,
combined with a trivial constraint for At : 24Coe* At < min(1, o).

4 The numerical experiment results

In this section, we present several numerical experiments using the proposed stabilized BDF3 scheme
(2.4) to solve the NCH equation (1.3). Following the reference example in [9], we employ a family of
Gaussian-type kernels parameterized by a positive constant §, defined as follows:

4 lzl? /52 d

As the parameter § approaches zero, the nonlocal Cahn-Hilliard model with this Gaussian kernel converges
to the classical Cahn-Hilliard model. This convergence occurs because, for any ¢ € C°°(Q2) and for any
x € Q, we obtain Lo(x) - —A¢(x) as 6 — 0. Furthermore, it is worth noting that the steady-state
solution of the nonlocal Cahn-Hilliard equation is continuous when ¢ < 2e.

Remark 4.1. In this work, the Gaussian kernel is selected primarily for its smoothness, which is
suitable for the Fourier pseudo-spectral spatial discretization. It is noticed that the proposed BDF3 time-
stepping scheme is general, and the theoretical analysis can be extended to other gradient flow models
with smooth convolution kernels. On the other hand, it is noticed that a singular convolution kernel (such
as the one associated with the regular Laplacian operator) usually leads to a stronger diffusion power and
much sharper regularity for the PDE solution, and the corresponding numerical design and numerical
analysis can follow the ones for the standard Cahn-Hilliard equation. This work is primarily focused on
a smooth convolution kernel, where the lack of diffusion power and higher-order Sobolev estimates make
the corresponding analysis much more challenging. If a singular convolution kernel is considered, a more
appropriate approach would be following the framework of the standard Cahn-Hilliard equation, in terms
of numerical design and analysis.

4.1 Convergence rate in time

In this example, we conduct a numerical convergence analysis for the stabilized BDF3 scheme on the
periodic domain € = (—1,1)2. The initial condition is given by

¢o(z,y) = 0.5sin(7z) sin(ry) + 0.1.

We use the kernel function described in (4.1) with two different parameters: €2 = 0.1 and €2 = 0.01. For
each ¢, three corresponding kernel parameters, i.e., 62 € {€2, 22,32}, are considered. The stabilization
constant is taken as A = 10. Numerical solutions are computed at the final time ¢ = 0.1.

The Fourier spectral collocation discretization over 1024 x 1024 uniform mesh is taken, which ensures
that spatial errors are negligible compared to temporal ones. We perform temporal refinement studies
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with a sequence of time step sizes At = 27*A for k = 1,2,...,8, where Ay = 0.005 is the base time
step. The solution obtained with the smallest time step At = 278A/5 is used as the reference solution
to measure numerical errors. Figure 1 displays the discrete ¢? errors in terms of temporal step size
for different values of ¢ and 0. The error profiles clearly indicate the expected third-order temporal
convergence rates.

Finally, we investigate the sensitivity of the numerical accuracy and convergence order with respect to
the stabilization parameter A. While the theoretical analysis requires a sufficiently large A for stability,
it is crucial to verify that the parameter choice does not reduce the temporal accuracy order. We conduct
the convergence test with €2 = 62 = 0.1, using varying stabilization parameter values of 2,5, 10, 20 and 50.
Figure 1(c) displays the £2 error curves for these computations. The results indicate that the third-order
convergence rate is generally preserved across the tested values. It is observed that increasing A leads to a
slight increase in the error magnitude due to the larger artificial diffusion introduced by the regularization
term. Conversely, while A = 2 yields the smallest numerical error, the convergence curve exhibits a slight
irregularity, implying that the stabilization might be marginally insufficient. This demonstrates that the
scheme is numerically robust, and a moderate parameter value (e.g., A =5 or A = 10) offers an optimal
balance between stability and accuracy.

4.2 Simulation results of the coarsening dynamics

Numerical simulations are conducted over a square domain = (—27,27)? with periodic boundary
conditions to study phase separation dynamics. The initial condition consists of random perturbations
uniformly distributed in the range of [—0.1,0.1] at each grid point over a uniform spatial mesh. A two-
stage time-stepping distribution approach is adopted, where At = 0.0005 for ¢ € [0,1000) and At = 0.01
for t € [1000,10000), with a stabilization parameter A = 5.

10° T T 10°
-5 =g
102F |B=6% = 267 1 0k ]
-0~ 6% = 3¢? 0
4 |- - third order
5 10°r . 1 5 “
] 2 10
() (5]
2 10°F 1 Z
N ~ 10°%F
T 1 B
-8
10710 1 10
e e - - third order
.
10,12 L N 1040 P L N
10°® 10 10° 102 10°® 10 10° 102
Time step size Time step size
(@e2=0.1 (b) €2 = 0.01
10°
~“-A=2
10'2 [ [-=-A=5 1
»-A=10
104k -0-A=20 i
g ~+A =50
¢ - - third order
2 10°F :
Q
=]
TR 1
107 1
>
10—12 L
10°® 104 10°° 102

Time step size

c)e?2=6%2=01

Figure 1 (Color online) Temporal convergence test of the stabilized BDF3 scheme
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Case 1 (Fixed ¢ and varying ). With 6 = 0.05 and spatial resolution N = 256, simulations are
performed for a sequence of € values, from 0.08 to 0.04. Figure 2 shows the snapshot plots of the numerical
solution with € = 0.04, at selected time instants ¢ = 1, 3, 10, 100, 400, 5000. The system transitions rapidly
from disordered initial states to ordered patterns, and reaches a steady configuration near ¢ = 5000. The
energy evolution curves for ¢ = 0.08,0.06,0.04 in Figure 3(a) align closely with the theoretical t—1/3
scaling law [9], as demonstrated by a direct comparison with the reference line Ct=1/3. Tt is noticed that
the energy profiles plotted in Figure 3 correspond to the original discrete free energy En defined in (1.1).

Case 2 (Fixed ¢ and varying 6). With a fixed ¢ = 0.09, the parameter §2 is increased from &2 to
3e2. Figure 3(b) plots the corresponding energy decay profiles. The numerical results have consistently
indicate the theoretical t~'/3 energy decay rate across all tested values of 6.

4.3 Simulation for the case of vy < 0

In this subsection, we present a numerical example, where the diffusivity condition (1.4) is violated. As
discussed in Section 2, the condition ~y > 0 is required for the well-posedness of the NCH equation.

Figure 2 (Color online) Snapshot plots are taken at ¢ = 1, 3, 10, 100, 200, 5000, with ¢ = § = 0.09 in the coarsening
process simulation. The vertical colorbar on the right represents the order parameter ¢, where the numerical scale ranges
from 0 to 1.

102 : - . 102 T .
—e=0.08
- - =0.06
—--c =0.04
. ~:
o
%otk
=
€3}
100 3 'l ] L ”. ] 100 3 1 1 ]
102 10° 102 10* 102 10° 10? 10
Time Time
(a) 6 = 0.05 (b) e = 0.09

Figure 3 (Color online) Original energy evolutions for (a) Case 1 with § = 0.05 and (b) Case 2 with e = 0.09
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O

Figure 4 (Color online) Snapshot plots are taken at t = 2, 20, 200 with e = 0.04, 6 = 0.08 in the coarsening process
simulation. The vertical colorbar on the right represents the order parameter ¢, where the numerical scale ranges from 0
to 1.

To investigate the solution behavior when this condition fails, we set the same initial and boundary
conditions as in Subsection 4.2 with € = 0.04 and § = 0.08. This choice implies that vy < 0. Figure 4
displays the numerical solution snapshots at ¢ = 2,20, 200. Unlike the smooth phase transitions observed
in the previous examples, the solution here exhibits clear singular behaviors, characterized by sharp, non-
smooth interfaces. This result numerically confirms that the condition (1.4) is essential for maintaining
the regularity of the solution.

5 Some concluding remarks

In this paper, we propose and analyze a third-order (in time) stabilized numerical scheme for the nonlocal
Cahn-Hilliard equation, with the Fourier pseudo-spectral spatial discretization. The BDF3 is used as
temporal discretization, combined with an explicit extrapolation for both the nonlinear term and the
convolution part, as well as a third-order accurate Douglas-Dupont regularization. In particular, the
expansive concave term is combined with the constant multiple part in the nonlocal diffusion operator
expansion part, and the standard BDF3 temporal discretization is applied to this combined term. A
careful energy estimate gives a rough dissipation analysis in terms of a modified energy functional, in
which a lower bound of the artificial regularization parameter is derived in terms of a maximum norm
assumption of the numerical solution. In addition, the convergence analysis and error estimate turns
out to be necessary to recover this functional bound, with the help of an alternate numerical error test
function, in the form of a discrete temporal derivative. This in turn justifies the modified energy stability
result, with the induction style analysis accomplished. A few computational results are presented to
verify the theoretical analysis and the robustness of the proposed numerical method.
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