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Abstract

In this paper, a numerical scheme is proposed and analyzed for Liu-Wu model:
Cahn—Hilliard equation with Cahn-Hilliard type dynamic boundary conditions (Liu
and Wu, Arch Ration Mech Anal 233(1):167-247, 2019). Inspired by the convex-
concave decomposition of the Cahn—Hilliard free energy, prescribed with Neumann
boundary condition, we propose a regularized second-order temporal discretization
for the coupled PDE system. The unique solvability, unconditional dissipation of
a modified free energy and second order convergence analysis (in the H ! norm)
are theoretically established. Finally, several numerical experiments are presented
to illustrate the effectiveness of the proposed numerical scheme.
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1 Introduction

Gradient flow models have been widely used in many physical, chemical, material
and other engineering fields such as image inpainting, fluid flows, see [3-5, 17, 21].

SE(¢)
5

Given free energy functional E(¢), denote its variational derivative as u =

then a gradient flow process could be represented as
8t¢ = gua

wherein G is a nonpositive symmetric operator, and determines the dissipation
mechanism. Taking G = —1 leads to an L? gradient flow, while G = A implies
an H~! gradient flow. For example, with a free energy functional choice as
Eqo(¢) = [, % |Vo|? + F(¢) dx, and taking the H ! gradient flow of Eq (), then
we get the standard Cahn—Hilliard equation:

0 = Au, in Q x (0,77,
u=—e>A¢+ F' (), in Q x (0,7].

Here 2 C R%(d = 2, 3) is an open domain with a smooth boundary I = 952, ¢ rep-
resents the order parameter in the phase field, u is referred as chemical potential, and
interface parameter € prescribes the thickness of interfacial region. The bulk potential
function F'(¢), could be chosen as double well potential, logarithmic potential and

obstacle potential [3, 7, 15]. Generally, homogeneous Neumann boundary conditions
are widely used:

Opu =0, on I" x (0,71, (1.1a)

Ond =0, onT x (0,7 (1.1b)

The first boundary condition (1.1a) guarantees the mass conservation in €:
Jo @(t) dz = [, ¢(0) dzz = my, forall t € (0,T), and the second boundary condi-
tion (1.1b) indicates that there is no interaction between the material and the con-
tainer, see the related arguments [2]. Based on this boundary condition, the solution
of the PDE system satisfies the following energy dissipation law:

4 Boo(t) + / Vul2dz =0, Vie (0,T).

dt Q

However, this boundary condition ignores the influence of solid wall to the mixture.
To take into consideration of short-range interaction near the boundary, some sur-
face free energy functionals need to be introduced based on physical background,
and boundary conditions for the system changed at the same time. For example, by
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using mean field theory, Sanjay et al. [31] proposed a dynamic boundary condition to
describe the preference of container to mixture in one dimension:

0tp =h+ gop + 70,0, x=0.

In fact, this boundary conditions latter became so called Allen-Cahn type dynamic
boundary condition in R? (d = 2,3) :

0,6 = KAré — 20,6 — G'(9),  onT x (0,T], (1.2)

wherein Ar is the Laplace-Beltrami operator on I', Ar¢ represents surface diffu-
sion on the boundary, « is surface diffuse interface thickness parameter and G(¢) is
a selected surface potential (see [8, 20, 25, 30] for more details). By taking surface
free energy functional as

Br. (o)) = [ 519rol? +G(o) ds,

where Vr is the tangential gradient operator on boundary I', equation (1.2) can
be viewed as a L? gradient flow in terms of surface energy Er .(¢(t)) on I'. We

also refer to [9, 10, 12, 34] for several examples of phase field model with dynamic
boundary conditions.

In this paper, we focus on a new dynamic boundary condition proposed by Liu and
Wu [26]. Based on three physical properties: mass conservation, energy dissipation,
force balance, they came up with the Energetic Variational Approach, and obtained
the following generalized Cahn—Hilliard system (abbreviated as Liu-Wu model in the
following sections) with a Cahn—Hilliard-type dynamic boundary condition:

01 = Au, in Q x (0,71,
u=—e>A¢p+ F'(¢), in Q x (0,77,
Ot =0, on T x (0,7, (1.3)
0y¢ = Arur, on I' x (0,7,
ur = —ke*Ar¢ + 20,6 + G'(¢), on T x (0,T]

In this system, mass in the bulk and boundary are individually conservative, due to
the Neumann boundary condition of chemical potential u. Meanwhile, a boundary
chemical potential ur is introduced, which is not the trace of u. The total free energy
of the system turns out to be

E(¢) = Eq(¢) + Er(¢)

2 2
:/ %|V¢\2+F(¢) dx+/%|VF¢|2+G(¢) ds. (14
Q r
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Following a standard calculation, we are able to verify that the system fulfills an
energy dissipation law:

%E(d)(t)) + /Q |Vu|*dz + /F |Vru|?ds =0, Vte (0,T). (1.5)
Similar to Liu-Wu model, the GMS model proposed by Goldstein et al.[16] also
introduces a Cahn—Hilliard type dynamic boundary condition, and satisfies energy
dissipation property (1.5). The difference between the two models lies in the mass
conservation law: while bulk mass and the surface mass are conserved separately
for Liu-Wu model (see (1.6a)), only total mass is conserved for the GMS model (see
(1.6b)). We also refer to [22, 23] for a new model that interpolates between the previ-
ous models.

/qu(t)da?:/ﬂ(b(O)dx, /Fqb(t)d8:/1“¢(0)ds. (1.6a)
[ oty + /F o(0)ds = [ o0)da + /F $(0)ds. (1.6b)

In the numerical simulation of phase field models, energy stability has always been
a central issue in the theoretical analysis. Many different numerical approaches have
been proposed to keep energy stability, such as stabilized linearly implicit algo-
rithm [27], convex splitting method [18, 33, 35], invariant energy quadratization
(IEQ) method [36, 37] and scalar auxiliary variable(SAV) method [32], etc.

In terms of the numerical approximation to Liu-Wu model (1.3), Garcke et al. [14]
uses fully implicit discretization by solving a variation problem, and proves the con-
vergence of the scheme to a weak solution. Metzger [28] applies the convex-concave
decomposition and implicit temporal discretization to construct a first order in time
scheme. Moreover, the author converts the ill-conditioned linear equation as the time
step size 7 \( 0, to a time independent system, which greatly decreases the condi-
tion numbers at small time step size. Meng et al. [27] proposed a second-order in
time, linear and energy stable scheme, and proves the convergence order of the semi-
discrete scheme. To guarantee energy stability, Lipschitz property is assumed for the
second derivative of double well potential functional F and G. Besides, as Liu-Wu
model and the GMS model have similar constructions, several numerical schemes
have been presented for these equations with Cahn—Hilliard-type dynamic bound-
ary conditions [1, 19], and the temporal convergence rate could reach up to fifth
order [19].

In this paper, we propose a second order in time, unconditionally energy stable
scheme for the Liu-Wu model, inspired by the convex splitting approach for Cahn—
Hilliard equation with Nuemann boundary condition [35]. In fact, this idea could be
easily extended to a fully discrete scheme, with either finite difference or finite ele-
ment spatial approximation. The primary difference between our approach and the
existing work [27] is associated with the methodology to keep the total energy stabil-
ity. In more details, a stabilized linearly implicit approach used in [27] requires four
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e-dependent parameters to ensure an unconditional energy stability, while the regu-
larization coefficient in our proposed scheme is irrelevant to &, and the implicit treat-
ment of convex part provide an convenient way in the unique solvability analysis.
The rest of this paper is organized as follows. In Sect. 2 we introduce the semi-
discrete scheme, prove the unique solvability and numerical energy dissipation. In

Sect. 3 the H~! convergence analysis is provided, and an extension to the fully dis-
crete scheme is outlined, with Lagrange element. In Sect. 4 several numerical experi-
ments are presented to demonstrate the system evolution, and verify the theoretical
properties of the proposed numerical scheme.

2 The numerical scheme
2.1 Preliminary notations

For the convenience and conciseness of the paper, some notations are clarified here.
(P1) As listed in the introduction, there are different choices for the potential func-
tions F and G. Throughout the paper, we use double well potential functional with
the following form:

F(g)=10' -~ 30% F)=¢" 6

Surfacepotential Gecouldbelikewisedefined.(P2)ForSobolevspace WP (Q), WP (T),
weuse|| - ||zr.0,] - || Lr,r todenotethe standard LP norm, and abbreviatedas || - ||z»
ifthe domainis (2. Furthermore, whenp = 2,wewilluse|| - ||, || - || todenotethe stan-

dard norm of L?(Q2) = W%2(Q), L*(I") = W%*(T"), and use (-, ), (-, -)p to denote
the corresponding inner product. (P3) Denote L3(R2) := {u € L*(Q), (u,1) = 0}
and H'(Q) := H'(Q) N L2(Q), then for every f € L2(RQ), the Poisson equation
with Neumann boundary condition

—Au=f in ,

Opu=0 on I, @D

has a unique weak solution in H*(£2). Similarly we could define space H'(I'). Of
course, for every g € L3(T), equation

—Arv=gyg on T, 2.2

has a unique weak solution in 1 (T").

In this paper, we denote the above weak solution and negative norm as:

u

(87 - = (1 Vull,
(-Ar) g, gll-vr = [Vrollr.

v
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2.2 A semi-discrete numerical scheme

The following second order (in time) numerical scheme is proposed for the Liu-Wu
model:

3¢n+1 _ 4¢n + ¢n71

i — Au™l i Q, (2.32)
ut = —2 A" 4 (¢"T1)P — (20" — 9" (2.3b)
— Aym(AG"T — Ag™), in &,

Butt = 0, on T, (2.3¢)
367+ — 4¢n 4 1 ~ Ara, on T, (2.3d)

2T

’U,?—i_l —_ —HEQAF(Z)TH_I 4 828n¢n+1 + (¢n+1)3 _ (2¢n _ ¢n—1)

o9 — ")

o — AoT(Ar¢™ ! — Arg™), on T.

(2.3¢)

+ AT

Here 7 is the time step size, tuple (¢”, ™, u}) stands for the numerical solution of

(¢, u, ur) at time t™ respectively.

A second order backward differentiation formula (BDF) is applied in the tempo-
ral discretization, while the concave part of the chemical potential is treated by an
explicit extrapolation 2¢™ — ¢"~'. Two second order Douglas-Dupont-type regular-

ization terms, namely A;7A(¢" ! — ¢™) and Ao7Ar(A¢™ ! — Ap¢™), are added
in the interior region and on the boundary section, respectively. These two additional
stabilization terms ensure a total energy stability theoretically. Meanwhile, since the
numerical scheme (2.3a)-(2.3e) is a three-level algorithm, an initialization process is

needed in the first time step to obtain the numerical value of ¢'. In fact, any single-
step scheme satisfying mass conservation and energy dissipation could be used in the
first time step, such as the one from [28]:

1_ 40
¢ ¢ — Aul, in Q’ (243)
-
ut = —?Ag! + (¢1)2 — ¢°, in Q, (2.4b)
d,ut =0, on T, (2.4¢)
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¢1_¢0

T

= Arup, on T, (2.44d)

up = —ke*Argt + 20,0 + (¢')* —4°, on T. (2.4¢)

Moreover, a weak formulation of (2.3a)-(2.3¢) is needed to facilitate the later analy-
sis. Define space V := {u € H*(Q)|~(u) € H'(T')}, where + is the standard trace
operator, which will be omitted when there is no ambiguity. Then the weak for-
mulation is to find (¢"+!, w1 wftt) € V x HY(Q)x € H(T) such that for all

(€,¢,m) € HY(Q) x HY(T) x V, the following equalities hold:

(3¢n+1 — 46" + ¢n—1’£> _ (vun-i-l’ V&) ’ (2.52)

2T

<3¢n+1 _ 4¢n + ¢n—1 C)
T

5 = — (Vru"", V() (2.5b)

() + () = 2 (997, 9) o ne? (Voo™ V)
+ (6" m) = (20" — 0"\ n)
+ (@™ ) — (20" — 6" ')
+ A7 (Vo = V¢", Vi) + Ap7 (Vrg™ = Vg™, Vin) ..
(2.5¢)

With the help of this weak formulation, the mass conservation identity could be eas-
ily verified.

Lemma 2.1 If [, ¢l de = [, ¢"dz, [, ' ds = [, ¢ ds, then the numerical solu-
tion of (2.5a)-(2.5¢) satisfies mass conservation in {2 and on I, respectively.

Proof Assume that [, ¢*dz = [, ¢°dx, k = 1,2, ..., n holds. Subsequently, taking a
test function £ = 1 in (2.5a) gives

1
—(3/ " dx 74/ ¢”dx+/ qS”’ld:c) =0. (2.6)
21\ Jg Q Q
Then it is straightforward to obtain fQ " tHdr = fQ ¢#°dx. In addition, the mass
conservation identity on the boundary section could be proved analogously. O
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By Lemma 2.1, it is clear that (¢" " — ¢™) € L3(2),y(¢" ™! — ¢") € LE(T), so

that operators (—A)~! and (—Ar)~! could be applied on them respectively. In the
following theorem we establish the unconditional energy dissipation property of the
scheme, with respect to a numerically modified free energy.

Theorem 2.2 The numerical solution of (2.5a)-(2.5¢) preserves the following energy

dissipation estimate, with the Douglas-Dupont regularization parameters satisfying
1

1
Ap > — Ay > —:
Y7677 16

B 0m) + (1= o It =2+ 1

. 1
T 16A1
< E(@" 0",

_ n+l _ nj2
TR L

2.7)

where E(¢" 1, ¢™), n > 1 is a modified total energy:

B, ¢") = B6™) + (16" = 67124 + 167~ "2p)

) 2.8)
+5(l6" = ¢ + 119" = 6" 7).

Proof Let E=(=A)"L(g" Tt — ¢, ¢ = (=Ap) Yo"t —¢m), and
n = —(¢"*! — ¢™). Substituting £, ¢ and 7 into (2.5a)-(2.5¢) gives

(60" (=A)TH (@™ = ¢™)) + (6:0"F, (—Ar) T (@™ = 9™))1
_ —82 (V¢n+17 v(¢n+1 _ ¢n)) _ HEQ (VF¢R+17 VF(¢n+1 _ (bn))r
_ ((¢n,+1)37¢n+1 _ ¢n) _ ((¢n+1)37¢n+1 _ (bn)r
(267 = ") 6" = ¢) + (207 — "), 67 — 07,
= AT (V@™ = ¢"), V(@™ = ")) — Aot (Ve (0" = ¢"), Ve(¢"" — ¢™))
=Y+ Yo+ Y3+ Y+ Y5+ Y5+ Y7+ Y5,
(2.9)

n+1l _ 4 n n—1
with 5T¢n+1 — 3¢ 2¢ + (b
T

ing time difference in the bulk, we see that

. In terms of the above inner product involv-
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(57_¢n+17 (_A)—1(¢n+1 _ ¢n))

1 1
= llo" =12+ (6" =62 = Mle" = 0" MIZ1)  (2.10)

1 n n—
+ 1" = 20" + "2
.

Furthermore, on the right hand side of (2.9), the estimates of bulk part Y7 could be
derived as follows:

V) = —¢* (Vo™ V(g™ — ¢™))

e? n+1)2 n|2 g2 n+1 ny |2

= =S (IVem 2 — 9 2) - SV — 672
Regarding the nonlinear term Y3, an  application of identity

4(a* — a®b) = (a* — b*) + (a® — b2)% + 2(a(a — b))? reveals that
Yg — _ ((¢n+1)3,¢n+1 _ ¢n)
1 n n

= =7 Ule" e = g IZ4) =

Sl gn e - g

1

2@ = (6™)II?

Similarly, based on the equality
2(2a — b)(c —a) = (¢? — (c — a)?) — (a* — (a — b)?) = (c — 2a + b)* + (c — a)?,
the term Y} turns out to be
Y5 = ((2¢" — " 1), "t —¢")
e e o N ([ O Rl )
1

1
= Sl = 20m 4 g 4 S - .

The Douglas-Dupont regularization part is introduced to bound the positive part

1
3 |[¢" Tt — ¢™||? of Y5, and it is straightforward to see that
Yo = — A V(6™ - 671

Meanwhile, inner products related to boundary I" could be analyzed in the same way.
A combination of all these estimates leads to
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[¥]

€

s n EQK/ n s
(Vo™ HZ = 1Ve™|1%) + == (IVee™ Mz~ 1Vrg™IF)

2

1 1
+ 7 (1" M s = 16" 17) + 7 (16" lzar = 6™ [24,r)
1
2

=5 (™12 = lle"[1*) — % (" FHIE = lle™ 1)

—_

1
+ 4 (19" = @™ = llg™ = ¢"H1Z0) + o (19" = ¢"[20p = 19" — 6" 21r)
1 1
+5 (" =" = llo" = ¢ 11%) + 5 (Ilo"*" — 6™ [F — llg" — " "[I7)
1 1, ) ) )
+—llo™ = "2y = SlleM = 0"+ Aur [ V(" — 0"
1 1
+ ol = 0"y — 5l = @7 + A7l Ve (6" — 6"} .11
g2 n+1 a2 £ +1 2
=~ IV = ¢M)? = S Ve(e™ — o)
1 n+1 n n—12 1 n+1 n n—
=g lm T = 20" 4 M = T - 20" 4 02
1 1
= 1@ = (™17 = @™ = (6"l

1 1
= Slle" @™ = oM)I7 = Sl (" — oM
<0.

Subsequently, this inequality could be rewritten as
E(¢"™*,¢") = B(¢", ¢" 1)

1 n n 1 n n n n
ol = 62y = S = "R 4 AV (6 - g

1 1
o = 62— 6 6 + Ar V(g — 67
<0.

(2.12)

On the other hand, an application of Cauchy-Schwarz inequality implies that
1 n+1 ni2 1 n+1 n n+1 n
SI6m = gn 2 < IV = )| g - 6y
T !
gi n+l _ n)|2 el n+l _ nj|2 )
V(@ = 6+ ™ = "2y, V>0
. 1 . .
In turn, by taking o = A and using the same trick on the boundary part, we finally
1
arrive at
1

1 1 1
B ) + (1 g o =62 (1 g 16 =6
< B¢",6"),

(2.13)
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O
Following a similar procedure, it’s analogical to verify the energy dissipation for
the numerical solution at the initial time step, namely (2.4a)-(2.4¢), and technical

details are omitted for the sake of brevity.

Lemma 2.3 The numerical solution at the initial time step, namely (2.4a)-(2.4e), pre-
serves the following energy dissipation.

B@) + L (16" = Ol + 10"~ ) SE@). @14

With the above energy estimates, we are able to verify that ¢™ is uniformly
bounded in V, for any n > 0.

Lemma 2.4 Assume an initial energy functional bound: E(¢’) < Cy. Then the

numerical solution ™ is uniformly bounded in V.

1 1 . .
Proof Based on the equality 1 (a? — 2)2 = Za4 + 1 — a?, the following quadratic
inequality becomes available for any ¢ satisfying ¢ € L*(Q),v¢ € L*(I'):

1 1
(lolzs +llélzer) = 5 (l6l* + gl7) > 5 (I1* + lI¢lIF) — 121 = T,
(2.15)

e

where | - | stands for the measure of the domains. Then we get

1 n |2 52 n |2 1 n |2 K52 n|2 n
SIS 12 + IV + 5163 + -V 6n2 < B(6™) + 19 + [T, ¥n>o0.
(2.16)

With the help of definition (2.8), a combination of (2.14) and (2.16) implies that

B¢, 6) = B + 1= (16" 12+ 16— 6°121.0) + 5 (16" — 61 + 116" ~ 6°I1)

<B@) + 5 (16 = "1 + 110" ~ °1R)
< B@)+ (16" + 16'12) + (16°1° + 167112
<BE(9") +4(19 +T)).

2.17)

In turn, the following bound becomes valid:
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1 Page 12 of 29 Z.Gu et al.

E(¢") < B(¢"t,¢") < B(¢',¢°) <B5E(6°) +4 (10 + [T)).
With an application of (2.16) again, we finally arrive at

"2 + [V 2 + " IF + e[ Vo IR < 10 (B(6°) + |9f + |T) -

O

When considering the fully discrete scheme, a uniform H} () and H} (T') bound
could be derived for the numerical solution ¢}, which is helpful to the convergence
analysis. Here the symbol H} means a discretized version of H' norm, for example
the same as H' norm when using conforming element like Lagrange element, or
lonllT, == lloII> + [[Vagll?, with V;, being piecewise gradient operator, for non-
conforming element like CR element.

2.3 Unique solvability of the semi-discrete scheme

Unique solvability plays an important role to guarantee the well-posedness of proposed
numerical scheme, and in this subsection we will construct a variational problem, since
the variational problem is strictly convex, there exists a unique global minimizer for
the variational problem, which exactly fulfills the weak formulation (2.5a)-(2.5¢). This
approach has been widely used in the existing numerical analysis, see [13, 15, 18], etc.

Lemma 2.5 Define a strictly convex functional J,, over space K, where

52 1 n n—
Tn(v) = SNV0I + o)t — (26" - 61, 0)

Ke? 9 1 4 n n—1
+ Vol + el r — (267 - 677 0),

v — 4¢" + ¢" ! Arr

2 2

30— dg" + ¢!
2

(2.18)
Vv — Vo™ |

AaT
2

12, +

+o
37

1210 + =~ lIVro = Vo™ £,

o
3T
and

K:={veV, (v,1)=(¢°1), (v, 1)p = (¢",1)}. (2.19)

Then there exists a unique global minimizer of J,, and the minimizer is equivalent
to the numerical solution of (2.5a)-(2.5¢).

Proof It’s obvious to see that .J,, is coercive and strictly convex over K, thus the
global minimizer exists and is unique [11], and we only need to verify the minimizer
fulfills (2.5a)-(2.5¢). For simplicity, the following space is defined:

@ Springer



A regularized second order scheme for Cahn-Hilliard equation-... Page 130f29 11

Ko:={veV, (vl)=0,(v,1)r =0}

Assume ¢" ! is a minimizer of the above problem. Then for all € K, we see that

lim Jn(¢n+1 +an) — Jn(¢n+l)

a—0 «

—0. (2.20)

An application of integration by parts leads to

(et ) (gt )
=2 (V¢ ™, V) + ke (Vre" ™, Vi) .

+ (@)%, m) — (20" — ¢" ", n)

+ (@) — (20" =" )y

+ Ay (V6™ — V6", V) + Aar (Vré™ - Vrg?, Vo).

Meanwhile, we denote

T N ] (i
n+l _ gin el
o ()

(2.21)

so that 41 € 1 (Q), 4t € H'(T) is the unique solution to

_ 3¢n+1 _ 4¢n + (bn—l
N 27
3¢n+1 _ 4¢n + ¢n—1

Arur = o on I

Au

in Q with gu =0 onT,
on

In turn, the following equalities are valid:

n+1l _ m n—1
(B ), = - (Ve Ve, Ve HYD),

T
(@4 m) + (@ m) =e* (Vo Vi) + ke® (Vre™ ", Vin)
+((6™1)%,n) — (20" — 6" m) (2.22)
+ ((¢n+1)3’n)r _ (2¢)n _ ¢n7177])r

+ Ay7 (Vo = Vg™, Vi)

+ Aot (Vr¢n+1 — Vro™, an)p , Vne K.
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1 Page 14 of 29 Z.Gu et al.

Next, as n € Ky has a zero-integral constraint, we want to construct
untl = gt o entl gttt = gt et entl et € R such that (2.22) holds
for all test function 7 € V with (4", 4*") substituted by (u"*!, upt™). In turn,
given an arbitrary 7 € V, an alternate test function 7 could be defined as

Mo =1 —c1—Cam1, c1,¢2 €NR,

in which n; € C$°(Q) is an arbitrary non-negative function that is not identically
zero. Moreover, the values of ¢; and c¢3 could be specified as

| (o= ) /
c1=-— [ nds, c2= nder—-— [ nds m dx.
DA U ] Jr o

In fact, it is obvious to verify that g € K. Taking test function as 7 with this defini-
tion in the third equation of (2.22), we get

(12"L+1, 17) + (1‘2?"'1, 77)1‘ —co (17,"+I, 771) + c9e? (Vqﬁ’”rl, Vm)
+e ((0")21) + e (0", m) — 1 (20" — 6" 1) — 2 (20" — ™)
o (0" 1) —er (26" — ¢" L 1) [+ e AiT (Vo = Vo™, Vi)
=e? (V¢"*', Vi) + ke (Vo™ ™, Virn) .
+ ((6"% ) — (26" — 0", n)
+ (") — (20" — 6" ')
+ A7 (V" = V", V) + Aot (Vg™ = Vo™, Vin) ..
(2.23)

Furthermore, the lefthandsideof(2.23) couldberepresentedas (", n) + (upt*, n)r,
with "+ uf ! defined as

un+1 = /&n+l + Cn+1’ U;Jrl = ﬁ;+l + C;+1>
s (1.1771) (= (@) + €2 (Vo ™, Vi) + ((0"F)%,m))
T 1771) (= (20" = ¢""1m) + Avr (Vo' = V", Vi) ,
) o 2.24
p _%C +1 (2.24)
+ \?1| (((6"1)%,1) = (20" — "1, 1) + ((")%, 1) — (20" — ¢"71,1) ) -
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As a result, identity (2.22) holds for all € V with (ﬁ”“,ﬁ?“) substituted by
(uwtt, upth) | and the variables (¢" 1, "1 uf ™) fulfill the weak formulation
(2.52)-(2.5¢). O

In Lemma 2.5, the constructed variational problem is strictly convex, since the
convex splitting method is used in the numerical scheme. Otherwise, the existence
and uniqueness of the global minimizer could not be directly guaranteed. Besides, the
uniqueness of the numerical solution could also be verified by the energy dissipation
result in Theorem 2.2.

3 Convergence analysis
3.1 Convergence analysis for the semi-discrete scheme

In this subsection we provide a detailed convergence analysis for the semi-discrete
scheme (2.5a)-(2.5¢). First, the discrete Gronwall inequality [24] is recalled.

Lemma 3.1 For fixed T = N7, here N is positive integer, T > 0. Assume that
{a"}N_, {b™IN_, {c™}YN=! are non-negative sequences, and for all T > 0, the

following inequalities hold.:

N—-1
T Z Cn < Cla
n=1
N N1 3.1)
aN—i—TZb" <Co+71 Z a”c",
n=1 n=1

where Cy, Cy are positive numbers and C; are independent of T but may depend
on T, then we have

N
aV 7Y b < (Co+ malP)e . (3.2)
n=1

Some notations are introduced. Denote

ey == ¢(t") — ¢, ey, i=u(t") — u”, ef := up(t") — ug the error functions at time

t™. Then we have

n+1 n—1
3e¢ —4eg+e¢ E)

27 = (=Vert,ve) + (RpT, ), (3.3)

n+1 n—1
(3eq5 —4eg+e¢

o7 ,C)F = (=Vrep™, Vrl) . + (R, Or,  (B:3D)
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(enthm) + (e m)p = £2(Vel ™, Vi) + ke (Vrel ™, Ven)p
(@) = (0 ) — (265~ e37)m)
+ () = (")) — (e - ep™),m)
+ (T ) + (T ),
+ A7 (V(ept! =), Vi) = AT (Vo) = 9(t")), Vi)
+ Aot (VF(GZ+1 —eg), VFH)F — Ao7 (Vr(o(t"™h) — o(t")), Ven) .
(3.3¢)

r

in which

it _ 30" — o(t") + (")
¢ 2T

T = (") + 20(t") — o(t" ),

— Qp(t" ),

are the truncation error functions arose from time difference and Adams extrapolation
respectively.
The exact solution ¢(t) is assumed to satisfy the following regularity:

T T
/ 10,V é(t)|%dt < C. / 10, Vré(t) |2t < C.
0 0
T T
[ 18 st d e [ AT ousn < G
0 0

T T
| 1wl e < c. | 10ustol? rat <,
0 0

and the initial step numerical error is assumed to preserve the following bound:

eyl + 72| Veg|* < CT4,
12, 2 192 4 (3.5)
legllt + 7= Vregllr < CT°.

Theorem 3.2 Under the assumption (3.4), (3.5), for fixed T = N, we have the fol-
lowing error estimate:

e l-1 + [lel |l-1.r < C72. (3.6)
Proof A substitution of £ = (—A)_legH, ¢ = (—Alﬂ)_leg+1 and n = —egﬂ into

(3.32)-(3.3c¢) gives
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(e (=) et ) + (0rep™ (~An) e
+ 62(Veg+1, Vegﬂ) + HEZ(VFegH, Vpegﬂ)p
+ Aﬁ'(V(eg+1 —e3), Ve}ﬁ“) + Aot <VI“(€Z+1 —e3), Vpeg“)F
_ 7<¢3(tn+1) — (™13, eg+1) . (¢3(tn+1) — (g"H1)3, egﬂ)r
+ (2e5 — ez_l, ezﬂ) + (2e5 — eg_l, €Z+1)1‘
A7 (V) = 6(t7), Vet + Ao (Vo(0(t ) = 6(t7)), Trel ™)

+ (ngLl’ (7A)—1€g+1) + (RZ+17 (*A)71€g+1)r o (Tn+17 €Z+1) o (T7H»17 ngrl)F

=S+ o+ I3+ s+ J5+Js+ I+ Js + Jog + Jio-
3.7)

The estimates of inner product in the bulk are derived in details, and similar results
hold for the inner product on the boundary. In terms of left hand side terms of (3.7),
we see that

(3eg+1 — 462 + 6271

1
, —A 716 > — en+1 2 e 2
o (=8)es ) = - (lleg™ 11 = lledli=y)

1 _
+ = (l2ept = Bl — ll2e — e 1%),
2 (Veyt!, vept) = | Vel 1%,
A
Avr (Ve =), Veptt) = SL(IVep P — [ Veg ).

The right hand side terms of (3.7) have to be separately analyzed. Because of the
convexity of y = z#, the following inequality is obvious:

J= = (@) = (0 eptt) = = (6 () = (6" o) — ¢ F) <0,
(3.8)

Based on the definition of inverse Laplacian and Cauchy-Schwarz inequality, the

following bound becomes available for all f € LZ(Q2) and g € L*(2) and c € R*:

(f.9) = (=A(=A)""f,9) = (V(=A)' £, Vg) <l fI2, + iIIVQII?

As a result, it follows that
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g2 2
Jo = (265 =7 T < VST + l2eg - eI

€4
Js = AlT(V(¢(t"+1) —6(t"), Ve ™)
< 207 v ) - Do) + SR,
Jr = (RZ“A—Arlez“) <A ¢ Ivere
Jo =~ ) <2 TR, + Ve

A combination of the above estimates yields
1
i (lep 12, = llepl2y + 2™ = e 2y — li2e — e~ 12, ) + Ve
(1 1~ ez + 12e ™ — el 1265 — &3 121
2 n+1 AT n+12 n||2 Apt n+1)2 n||2
22| Ve R + S (| vept) —||Ve¢|\>+7(||w¢ 12 - Vg 2)
w12, K et n_ _n—1)2 2 n_ n—1)2
HVe [ +7HVF 17+ *||2€ —ey H—1+?52H2€¢—€¢ 21,0

2A17' 2A2T

Vo) — Vo) |* + IVro(™*h) = Vra(t™)|7

“1pn 2 i A-ipn
- E—QHA REFE, + @uArlRﬁu%l,r + 20

T2, + TTLHHELF-

=l

(3.9)

Furthermore, the truncation error terms are analyzed. For example, the term
[V (t"T1) — Ve (t™)||? could be bounded as follows:

V(™) — V(™) ||2 = /Q ( /t H atV¢(t)dt)2dx

el

/ /n+1 (8, V(1)) dtdx = T/t 18:V 6 (t)|2dt.

n

Similarly, the following inequalities could be derived as well:
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tn+1
IVeo(e) = Vra)lf <O [ javro,
tn
tntt
AR <0r [ A (o) .
tn+1
A0 R e < O [ (A0 (0| pdr, (10
t’n

tn+1

T2, < o / XGRS

tn+1

||T7L+1||%1’F <C7—3/t B ||att¢(t)||%1,th'

For a fixed time 7' = ¢V, a summation fromn = 1ton = N — 1 gives

z

1 B g2
2= (e 120 = lleplZy + llzel = el 12, — li2ef — €312, ) + > Vel
=2

1 N
+—(He§u‘il,pfHe;u%lﬁme%% U2 yr 2 — Bl r)

+27Hv sl + AT (el ~ 19eb) + 227 (19eel I - Ve 2)
N-1 1
<272 Y (Jl2ef — 712y + l2ef — ep )
n=1
N N
+2r%72 (A3 / Jo:o(e) Pt + 227 / 10:Vro(t)[2dt)
tN tN
22207 [ ou(-2) 001 e+ Cx 77 [ (= Ar) o0 o)
ty t1
tN tl\"

25*2<073/ ||8ttd>(t)\|2,1dt+0/(17—3/ Hattqb(t)HgLth).
to t

0

G.11)

Based on the regularity assumption of regularity for the exact solution and accuracy
order for the initial numerical error, we see that
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leg' 1121 + lleg 12 1 ¢

<CT*+3llegl2y + 3llegl2 s r + 2417 [ Veg||* + 24277 Vreg |17

N-1
1
+8:720 3 (l2ep — e+ 12 — b2 r)
n=1

N-1
1 n—
<Crt 4872 7 (8llep 2y + 2les 2y + Blles 2y p + 2lep T2 )
n=1
N-1 1
<Crt 480720 37 (llepl2y + N2 r)-
n=1

(3.12)

Finally, an application of discrete Gronwall inequality gives a second order error
estimate for [le[| -1 + [[e} ]| -1.r. O

3.2 The spatial discretization

Let {7}, } be a quasi-uniform triangular or rectangular mesh over the physical domain
Q, {T,I'} be the corresponding compatibility mesh on the boundary I'. In other words,

{T;\'} is consistent with the mesh {73} on the boundary. In turn, we are able to define
the standard P; Lagrange element or (); bilinear element over the physical domain.
In this section we use P’} Lagrange element as an example in the spatial discretiza-
tion, and state the corresponding results. The technical details are skipped for the
sake of brevity.

3.3 The fully-discrete numerical scheme

Let S;, denote the P; Lagrange element in the bulk, S} the compatibility P; Lagrange
element on the boundary:

Sp = {u € C%N),ulg € P(K),VK € T;,} € H'(Q),
Sl = {vec®),v|% € P(KY), VK" € T,F} ¢ HY(D).

Subsequently, the weak formulation of the fully-discrete scheme becomes: Given
nolon € Sp, find (¢p T up T uptt) € Sy x Sy, x ) such that the following

equalities hold for any &, € Sy, (), € S;E, Ny € Sh:
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n+l n n—1
(3% gfh + % ,ﬁh) — — (VU V), (3.13a)
3¢n+1 _ 4¢n + ¢n—1 .
( s ,ch)F =~ (Vrup ™ VG (3.13b)

(uZ“, r];,,) + (uZ}l,n)p =¢? (qu;l”l, Vn;,,) + ke? (VFQS;L‘H, me,,)r
+ ()% mn) — (267 — &3t mn)
+ (0% ) — (200 — & mm) ¢
+ AT (V¢;f+l — VR, V) + AgT (Vr@f“ — VR, Vo) .-
(3.13¢)

Moreover, the numerical values of ¢, and ¢} are needed in the initialization process.

In terms of @), we define the Ritz projection from H () to Sj, such that Py, ¢ is the
unique solution satisfying

(V(Ph¢d—¢),Vxn) =0, Vxn € Sh, (Pag—¢,1)=0.
Of course, if the initial function ¢° lies in H?(£2), then nodal interpolation is more
convenient to define ¢). In addition, we could extend (2.4a)-(2.4¢) to the fully-dis-
crete version to compute ¢}, (see [29] for a similar process). The following discrete
mass conservation law is satisfied for (3.13a)-(3.13c)
Lemma 3.3 If [, ¢fde = [, o5 dz, [, ¢} ds = [, d)ds, then the numerical solu-
tion of (3.13a)-(3.13c) the satisfies mass conservation in {2 and on I, respectively.
3.4 Unique solvability and energy dissipation of the fully-discrete scheme
The following definitions will be used in the subsequent theorems.
Definition 3.4 For any Hilbert space V' defined on D, and V' C L?(D), define the zero
mean space as V = V U LZ(D).

Definition 3.5 For any uy, € S}, define discrete Laplacian Ay, : S, — S’h, and Apup,
as the unique solution of

(Apun, xn) = — (Vun, Vxn), Yxn € Sh. (3.149)
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If we restrict the domain to S’h, then Ay, : 5‘h — S’h is invertible, and it satisfies
(V(=Ar) " un, Vxa) = (un, Xn) s Yxn € Sh. (3.15)
Definition 3.6 For uy € §h, define the discrete H~' norm as
-1
lunll—1,n = IV (=An)" " ual|.
Analogously, we could define the discrete Laplace-Beltramioperator Aj, - : S} — S,I;

and H~! norm on the boundary: ||vs || 141 := ||V (—=An.r)” " vpllr for vy, € ST.

Theorem 3.7 The numerical solution of scheme (3.13a)-(3.13c) preserves the follow-
ing energy dissipation estimate with coefficients of Douglas—Dupont term satisfying
A > ! Ag > !
1 = 167 2 = 16
n+1
( ’ ¢]L) T (
Eh(¢Z7 7}7;7 )7

1
IR = R+ (1 e IR 6E

164, 16 A,

where Ey (67T, %), n > 1 is given by

En(¢p ™, 0h) = Bl ™) + *(II¢"+1 = onllZn +llon ™ = o2 inr)

(Ilcé"+1 Shll* + 165" = SrlIE).-

Lemma 3.8 The solution to numerical scheme (3.13a)-(3.13c) is equivalent to the
minimizer of functional Jy, ,, in space Ky, where

2
€ 1 n e
Tn(n) = S IVonP + FllenllEs — (267 = 677" vn)

ke 9 1 4 n n—1
+ I Vel + ol — (20F - 657 o),

1 3up — 49" + 71 AT .

+5| 2h |2, h+7||Vvh—V¢hH2
1 3v, — 46} + ¢p Aot .
3.1 2’ |2+ TIIVrvh—Vr%II%,

and

Ky = {vn, € S", (0p, 1) = (69, 1), (vn, D)y = (7, 1) 1 }-
The proof of Lemma 3.3, Theorem 3.7 and Lemma 3.8 are similar to Lemma 2.1,

Theorem 2.2 and Lemma 2.5. We omit the proof and use numerical experiments to
illustrate these properties in next section.
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Fig. 1 Different meshes and interpolation from coarse mesh(left) to fine mesh(right)
Table 1 Numerical errors in different norms for the second order scheme
1/h 16 32 64 128 256
L2(2) 1.3890 - 10—2 3.5076 - 10~4 8.4145-1075 1.7098 - 10~ Reference
rate 1.9855 2.0595 2.2990
L2(1) 6.7963 - 10~° 1.7095 - 10> 4.1759 -10~6 9.0751 - 107 Reference
rate 1.9911 2.0334 2.2021
L>(Q) 2.1778 - 1073 5.6007 - 104 1.3749 - 10—° 3.0148 - 106 Reference
rate 1.9592 2.0263 2.1892

4 Numerical experiments

In this section, we present several numerical experiments, based on Matlab codes.
The finite element spatial discretization is taken, as illustrated in previous Sect. 3.2,
and iIFEM [6] is used as a powerful tool to generate mesh, record boundary node,
interpolate from coarse mesh to fine mesh, etc.

4.1 The convergence test

Here we verify the accuracy order of the proposed numerical scheme (2.3a)-(2.3¢).
The physical parameters are set as: € = 0.05, x = 1, and the final time is taken to be
T = 0.01. The initial datum is chosen as

¢o(x,y) = 0.1sin(27x) sin(27y).
The spatial and time step sizes are denoted as and 7, respectively. A sequence of

spatial mesh size is taken as h = 27% k = 4,5,6,7, 8, and we set the time step size
as 7 = hT'. Since an exact solution could be not represented as an explicit formula,
numerical solution of the finest mesh (when h = 27%) will be used as a reference
solution. In terms of numerical error calculation, the interpolation and projection
between different meshes need to be introduced. For interpolation from coarse mesh
to fine mesh, we use the mean value at the two sides of the edge to get the value at
new node. For example, in Fig. 1, for a nodal function defined in coarse mesh (a),
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Table 2 Numerical errors in different norms for the first order scheme, 7 = O(h?)

1/h 16 32 64 128
L2(2) 1.3619 - 1073 3.3263-10—% 6.7921 - 1075 Reference
rate 2.0336 2.2920
L2(T) 7.8377 1075 1.9049 - 10~° 4.0789 - 106 Reference
rate 2.0406 22235
L>=(Q) 2.1364 - 1073 5.3855- 1074 1.1947 - 104 Reference
rate 1.9880 2.1725

Table 3 Numerical errors in different norms for the first order scheme, 7 = O(h)

1/h 16 32 64 128
L%(Q) 7.7097 - 10~% 1.1086 - 10—+ 4.269 -10~° Reference
rate 2.7979 1.3768
L>(Q) 9.2066 - 10—+ 2.3322.10~% 1.2536 - 10—+ Reference
rate 1.9810 0.9856

the mean value of node 1 and 6 is taken to get the value at node 11 in fine mesh (b).
On the other hand, we delete the additional nodes and nodal functions to get the pro-
jection from fine mesh to coarse mesh, which is the inverse process of interpolation
defined above.

The numerical error and convergence order of the proposed numerical scheme are

displayed in Table 1. Here L?(€2), L?(T") and L*>°(f2) stand for the L? error in the
bulk, L? error on the boundary and L error in the bulk at the final time T, respec-

tively. In the calculation of the L2 norms, the numerical solution is interpolated to the
finest mesh; while in the calculation of L°° norms, the reference solution is projected

to coarse mesh. In the convergence analysis section we have only proved an H !
error estimate, while in most numerical experiments all the above norms have exhib-
ited the second order convergence rate.

As a comparison, the numerical errors of the first order scheme (2.4a) - (2.4¢), are

listed in Tables 2 and 3, with h = 27% k = 4, 5,6, 7. Moreover, the time step size
is taken to be 7 = h2T in Table 2, and 7 = AT in Table 3. A second order spatial
convergence rate and the first order temporal convergence rate have been clearly
observed.

Remark 4.1 Convergence rate in the case where takes values of 64 — 128 in Table 1
behaves slightly worse than the others, because the inexact reference solution has a
greater “relative” influence with 1/h = 128, in comparison with other coarser mesh
sizes.
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4.2 Spinodal decomposition

u=—60Ad + 5 LoF'(¢),

0:0 = mAu,
Opu =0,
0¢¢ = mrArur,

ur = —KOpAre + 600,¢ + 05 G’ (¢),

100 200 300 400 S00 600 700 800 900 1000

|

100 200 300 400 500 600 700 800 900 1000

100 200 300 400 500 600 700 800 900 1000

Fig.2 Level set of ¢ at time 0.01, 0.02, 0.04, 0.1, 0.2 and 0.5

riA

The same configuration is used, as in the example of section 5.2 in [28]. The com-
putational domain is taken to be € = (0,1)2, the mesh and time step sizes are

set to be h = 0.01, 7 = 1 x 107°, respectively. The initial profile ¢ is given by:
(z1,22) — max{0.1sinmxy, 0.1sinwzs }, and the PDE system turns out to be

4.1)

Here m = 0.01,§ = 0.02,0 = 2;mp = 0.02,6r = 0.02, k = 1. Fig. 2 displays the
evolution of ¢ at a sequence of time instants. A phase transition is observed, both in
the bulk and the boundary, which is consistent with the result listed in [28].

Z P
100 200 300 400 500 600 700 800 900 1000

100 200 300 400 500 600 700 800 900 1000
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0.4

y-node

Fig. 3 Level set of the numerical solution at 7' = 0.5

3.5 T T T T

numerical energy

0 0.1 0.2 0.3 0.4 0.5
time

Fig. 4 The free energy evolution

4.3 Mass conservation and energy dissipation test
In this example, we provide the mass conservation and energy dissipation test for

the proposed numerical scheme. Set 2 = (0,1)?,h = 1/32,7 = 1 x 1072, and the
initial profile ¢g is chosen as
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-0.03 T T T T

mass in the bulk
mass in the boundary

T
1

-0.035

-0.04 1

-0.045 b

mass

-0.05 - ]

-0.055 b

-0.06 - b

-0.065 ! ! ! !
0 0.1 0.2 0.3 0.4 0.5

time
Fig. 5 The mass evolution in the bulk and on the boundary

1 z>1/2

-1 z<1)2 “.2)

bo(x,y) {

Interface parameter is given by € = 1 in the bulk, x = 0.01 on the boundary. The
artificial regularization parameters are chosen as A; = As = 5.

Figure 3 presents the level set of the numerical solution at 7" = 0.5. Given the
boundary-bulk diffuse ratio x = 0.01, it is observed that numerical solution is
smoother in the bulk, while there is a rapid shift on the boundary. Figure 4 plots the
numerical energy evolution over time, and Fig. 5 gives the mass evolution in the bulk
and on the boundary. These results are consistent with the theoretical analysis.

Remark 4.2 As mentioned in the introduction section, the numerical method in [28]
reduces the condition number of the numerical system if time step size 7 becomes
small. This technique takes the advantage of Schur complement, and such an approach
could be applied to our proposed scheme; see Sect. 2 in [28] for more details.
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